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Abstract 

In multivariate data, outliers are difficult to detect especially when the dimension of the data increase. 

Mahalanobis distance (MD) has been one of the classical methods to detect outliers for multivariate 

data. However, the classical mean and covariance matrix in MD suffered from masking and swamping 

effects if the data contain outliers. Due to this problem, many studies used a robust estimator instead of 

the classical estimator of mean and covariance matrix. In this study, the performance of five robust 

estimators namely Fast Minimum Covariance Determinant (FMCD), Minimum Vector Variance (MVV), 

Covariance Matrix Equality (CME), Index Set Equality (ISE), and Test on Covariance (TOC) are 

investigated and compared. FMCD has been widely used and is known as among the best robust 

estimator. However, there are certain conditions that FMCD still lacks. MVV, CME, ISE and TOC are 

innovative of FMCD. These four robust estimators improve the last step of the FMCD algorithm. Hence, 

the objective of this study is to observe the performance of these five estimator to detect outliers in 

multivariate data particularly TOC as TOC is the latest robust estimator. Simulation studies are 

conducted for two outlier scenarios with various conditions. There are three performance measures, 

which are pout, pmask and pswamp used to measure the performance of the robust estimators. It is 

found that the TOC gives better performance in pswamp for most conditions. TOC gives better results 

for pout and pmask for certain conditions.  
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1. Introduction 

Outliers are abnormal data or a minority of observations that differ from the majority of the observations 

in the dataset (Hadi et al., 2009; Möller et al., 2005; Su & Tsai, 2011). Outlier detection for multivariate 

data is more difficult compared to univariate data (Hadi et al., 2009). Outliers in univariate data can 

easily be detected graphically through a simple plot of the data, such as box plot, scatterplot, stem-and-
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leaf plot, and Q-Q plot (Werner, 2003; Möller et al., 2005; Su & Tsai, 2011). However, visual inspection 

for multivariate data does not work well and the difficulty increases when the dimension, p increase 

(Rousseeuw & Van Driessen, 1999; Werner, 2003; Møller et al., 2005; Herwindiati, et al., 2007; Hadi 

et al., 2009;).  

Mahalanobis distance (MD) has been a classical method to identify outliers in the multivariate 

data. Mahalanobis distance is given in Eq. 1.  

      nid iii ,....,2,1,, 1 


 
xxSxxSx                                                 (1) 

However, the classical mean and covariance matrix in MD suffer from masking and swamping effects 

if the data contain outliers (Santos-pereira & Pires, 2013). Masking occurs when some of the outliers 

are left unidentified (false negative) and swamping occurs when inliers data are mistakenly identified 

as outliers (false positive) (Filzmoser & Todorov, 2013). To overcome this problem, many studies 

replace the classical estimators with robust estimators as these estimators are resistant toward outliers 

and named as robust MD (Herwindiati et al., 2007; P. J. Rousseeuw, 1984; P. Rousseeuw & Yohai, 1984; 

Peter Rousseeuw, 1985).  

  Fast Minimum Covariance Determinant (FMCD) proposed by Rousseeuw and Van Driessen 

(1999)is one of the widely used robust estimators. The basic idea of this algorithm is the Concentration 

step (C-step) which is the last step in the algorithm. FMCD algorithm had been proved computationally 

efficient. However, FMCD still needs a lot of calculation and time consuming as it used covariance 

determinant in the last step of the algorithm (Lim & Midi, 2016). Due to this problem, Herwindiati et 

al. (2007) proposed to use vector variance (VV) in the last step of this algorithm and named the new 

robust estimator as Minimum Vector Variance (MVV). Although MVV is much faster than FMCD, the 

computation time still become the problems when the dimension, pincrease (Salleh & Djauhari, 2011).  

In 2013, Rohayu developed two new robust estimators which are Covariance Matrix Equality (CME) 

and Index Set Equality (ISE). ISE has been proven to work excellently in terms of computation time 

(Lim & Midi, 2016). However, according to Rohayu (2013), this problem is still open for future works. 

Hence, Abd Mutalib et al. (2019) proposed a new robust estimator based on the idea of CME and ISE 

which is named Test on Covariance (TOC). 

  Abd Mutalib et al. (2019) had found that TOC is an applicable and promising approach to detect 

outliers for multivariate data. However, Abd Mutalib et al. (2019) only provided findings for one sample 

size, one number of variables, and two distances of outliers. Hence, in this study further investigation 

is conducted for five robust estimators namely Fast Minimum Covariance Determinant (FMCD), 

Minimum Vector Variance (MVV), Covariance Matrix Equality (CME), Index Set Equality (ISE), and 

Test on Covariance (TOC) with various sample sizes, the number of variables, percentage of outliers 

and two different outlier scenarios. In particular, the objective of this study is to observe the applicability 

of the latest robust estimator, TOC in detecting outliers for various conditions. 
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2. Previous study 

Various robust estimators such as S, M, Method of Moments (MM), Minimum Volume Ellipsoid (MVE), 

Minimum Covariance Determinant (MCD) and Fast-MCD (FMCD) estimators have been presented in 

the previous studies. Measures of performance are needed to compare the efficiency of different robust 

estimators (Møller et al., 2005). High breakdown point, bounded influence function and affine 

equivariant are the properties that a robust estimator should have  (Werner, 2003; Møller et al., 2005). 

The breakdown value is the smallest percentage of contamination that can have an arbitrarily large 

effect on the estimator (Hubert & Debruyn, 2010). For practical applications, a breakdown point of 20% 

is usually satisfactory (Hubert & Debruyn, 2010). Bounded influence function which describe a small 

contamination at any point can only have a small effect on the estimator (Hubert & Debruyn, 2010). 

While, affine equivariant means that the estimators behave properly under affine transformations of the 

data (Hubert & Debruyn, 2010). In addition, efficiency and computational speed of the algorithm to 

compute robust estimators are required (Werner, 2003; Hubert & Debruyn, 2010). More details about 

the properties are available in Rousseeuw & Van Driessen (1999), Werner (2003) and Hubert & 

Debruyne (2010).   

Rousseeuw (1985) studied whether it is possible to combine a high breakdown point estimator 

with an affine equivariant estimator. Three affine equivariant estimators with a high breakdown point 

of  50% had been discussed. The three estimators are outlyingness-weighted mean, Minimal Volume 

Ellipsoid (MVE) and Minimal Covariance Determinant (MCD). Outlyingness-weighted mean is an 

estimator obtained and related to the projection pursuit method because the best projection needs to be 

searched over all possible directions (Peter Rousseeuw, 1985). MVE is found to have a slow rate of 

convergence but the number of arithmetic operations required to compute MVE is much faster than 

MCD (Peter Rousseeuw, 1985). In terms of efficiency, Rousseeuw (1985) found that both MVE and 

MCD have low asymptotic efficiency. Additionally, both MVE and MCD are too difficult to compute 

precisely in moderate and large data sets (Werner, 2003). 

According to Rousseeuw and Van Driessen (1999), there are several reasons to choose MCD 

over MVE. MCD has better statistical efficiency because MCD is asymptotically normal, robust 

distance based on MCD is more precise than MVE and easy to compute for small data sets. Despite the 

advantages of MCD over MVE, the computation of MCD is cumbersome (P. J. Rousseeuw & Van 

Driessen, 1999). Hence in 1999, Rousseeuw and Van Driessen developed a new algorithm for MCD 

which called Fast-MCD (FMCD) that is based on concentration step, C-step (Herwindiati et al., 2007; 

P. J. Rousseeuw & Van Driessen, 1999). Rousseeuw and Van Driessen (1999) found that accurate results 

for small data sets can be obtained by FMCD in a little time. Additionally, FMCD gives more accurate 

results than other algorithms for large data sets (P. J. Rousseeuw & Van Driessen, 1999).  

However, FMCD still not computationally efficient for large data sets with high dimensions 
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(Herwindiati et al., 2007). The computational complexity increases exponentially when the dimension, 

p increases (Djauhari, 2008). These estimators are constructed based on Covariance Determinant (CD) 

that have singularity problems (Herwindiati et al., 2007; Rohayu, 2013). Hence, to overcome the 

singularity problem, Herwindiati et al. (2007) proposed Minimum Vector Variance (MVV) which 

minimized Vector Variance (VV) instead of CD. Unlike CD, the computation of VV is simple and 

efficient, covariance does not need to be positive definite and applicable to high-dimension data sets 

(Herwindiati et al., 2007). Additionally, MVV is robust and has the same breakdown point as the MVE 

and MCD-based methods (Herwindiati et al., 2007). Herwindiati et al. (2007) compare the performance 

of MVE, FMCD and MVV in detecting outliers. All the methods can detect all outliers accurately and 

show a clear separation between outliers and inliers (Herwindiati et al., 2007). In terms of computational 

complexity, VV is found to have a significantly smaller computation speed than CD (Herwindiati et al., 

2007).   

Despite the advantages of MVV, it is still time-consuming and the running time increase as the 

dimension, p increase (Salleh & Djauhari, 2011). To overcome this problem, Rohayu (2013) developed 

two robust estimators which are Covariance Matrix Equality (CME) and Index Set Equality (ISE). It is 

found that CME and ISE are as effective as FMCD and MVV and computationally more efficient since 

CME and ISE are innovation methods from FMCD (Lim & Midi, 2016). For CME, the equality of 

covariance matrix 
oldH

S  and 
newH

S is tested while for ISE, the equality of data subset oldI  and new
I  is 

tested (Lim & Midi, 2016). Although ISE had better performance than other robust estimators, it only 

involves logical comparison and does not have any computations. Based on the idea of CME and ISE, 

a new robust estimator called Test on Covariance (TOC) is proposed by Abd Mutalib et al. (2019). TOC 

test the equality of two covariance structures. Although Abd Mutalib et al. (2019) had proven TOC is 

applicable to detect outliers in multivariate data and is a promising approach, more studies need to be 

done to observe the applicability of TOC in various conditions. 

 

3. Methodology 

In this section, five robust estimators are presented. The outlier scenarios, simulation study and 

performance measures will be explained in this section. 

 

3.1 Algorithm for Existing Robust Estimators 

Algorithms for FMCD, MVV, CME, ISE and TOC are discussed in this section. Algorithms for MVV, 

CME, ISE and TOC are innovation methods derived from the FMCD algorithm. The only difference 

between these methods is the stopping rule in Step 6. The algorithm for FMCD is given as follows (Lim 

& Midi, 2016). 
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Step 1: Select an arbitrarily subset 
old

H  containing h  different observations where h  is the smallest

 integer   21 pn , where p is the number of variable and n is the sample size. 

Step 2: Compute the mean vector 
oldH

X and covariance matrix 
oldHS  of all observations belonging to 

old
H . 

Step 3: Compute      
oldoldoldold HiHHiH XXSXXid 


 12 for ni ,,2,1  . 

Step 4: Sort  id
oldH

2
 for ni ,,2,1    in increasing order         nddd

oldoldold HHH  222 21  

where   is a permutation on  n,,2,1   .         nddd
oldoldold HHH  222 21     is an 

ordered distance. 

Step 5:Define       
hnew

XXXH  ,,,
21
   and then calculate ,

newH
X

newH
S  and  id

newH

2
 for            

ni ,,2,1  . 

Step 6FMCD: If   ,0det 
newHS  repeat Step 1 – Step 5. Otherwise, if    ,detdet

oldnew HH
SS    let   

newold
HH : ,

newold HH
XX :  and 

newold HH SS : . Then go to Step 3. Otherwise, the process 

is stopped and    
oldnew HH SS detdet   is obtained. 

The algorithms for MVV, ISE and CME are the same as the FMCD algorithm except for Step 

6 (Salleh & Djauhari, 2011; Lim & Midi, 2016). 

 Step 6MVV: If   ,02 
newH

STr repeat Step 1 – Step 5. Otherwise, if    ,22

oldHnewH
STrSTr   let newold HH : ,

newold HH
XX : and 

newold HH SS : .Then go to Step 3. Otherwise, the process is stopped and 

   22

oldHnewH
STrSTr   is obtained.  

Step 6CME: If   ,0
2


oldnew HH
SSTr calculates

newH
X and let 

newold
HH : , 

newold HH
XX : and 

newold HH SS : . Then go to Step 3. Otherwise, the process is stopped.    

Step 6ISE: If ,
oldnew

II   let 
newold

HH : , calculate 
newH

X and let 
newold

HH : ,
newold HH

XX : and

newold HH SS : . Then go to Step 3. Otherwise, the process is stopped.   

It has been proven that ISE is effective as FMCD and MVV in finding robust estimators of 

mean and covariance matrix with lower computational time (Salleh & Djauhari, 2011; Lim & Midi, 

2016). ISE is the only logical comparison of two index sets which are the old subset and the new subset. 

The comparison is made to determine the equality of covariance structure for both subsets.  

By adopting the idea of ISE, the Test on Covariance (TOC) involving the equality test of a 

variance-covariance structure is proposed. The equality of two covariance structure is tested by using 

Eq. 2 with the hypothesis 
newold

H :
0

 versus 
newold

H :
1

, 
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where 1 n , kp ,,2,1   and p
 ,,,

21
 are the eigenvalues of .1 oldnew 0

H  is rejected if 

 







 1

2

1
,2 ppu   (Rencher, 2002).  

The algorithm for TOC is the same as FMCD except a new procedure is proposed for Step 6. 

Step 6TOC: If 
0

H  is rejected, calculate 
newH

X and let 
newold

HH : ,
newold HH

XX : and 
newold HH SS : . Then  

    go to Step 3. Otherwise, the process is stopped.   

 

3.2 Outlier Scenarios  

Random data for simulation studies are generated from the following mixture p-variate normal 

distributions (Filzmoser, 2005; Filzmoser et al., 2008; Herwindiati, 2007; Andrea et al., 2011; Cabana 

et al., 2017) and is given as, 

     
1100 ,,1  


pp NN      (3)                                

where ,10 pI   000
0



   and   111

1



   is of dimension p. Inliers are generated from 

 
00 ,


pN , whereas outliers are generated from  

11, 


pN . The percentage of outliers  will be 

used to determine the number of outliers in the data. For example, if the data has a sample size 100n  

and a percentage of outliers 05.0 is used, there will be five outliers in the data.  

From the mixture distribution in Eq. 3, the coefficients    and    determine the outliers’ 

scenarios. Two outliers’ scenarios which are the mean-shift model and variance-inflation model (Pan et 

al., 2000) are considered in this study. The following are the explanation of each outliers’ scenarios. 

 

i. Outlier scenario 1: Mean-shift model  

Mean-shift model have also been named as shifts of location, shift outliers, or location outliers (Pan et 

al., 2000; Filzmoser, 2005). This scenario will be determined by the value of   whereas the value of 

  is 1 and is given as follows, 

     
1100 ,,1  


pp NN .    (4) 

The values  that are used in this study are 4,2,1  and 10 . This range of values had been used in 

the previous study such as by Filzmoser et al. (2008), Andrea et al. (2011) and Cabana et al. (2017). 

The values   show that the distance between outliers and inliers determining by shifting the mean. 
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ii. Outlier scenario 2: Variance-inflation model 

The second outliers’ scenario has also been named as shift of scale or scatter outliers (Pan et al., 2000; 

Filzmoser et al., 2008). This scenario is determined by the value of   whereas the value of   is 0 and 

is given as follows, 

     
100 ,0,1   pp NN


.    (5) 

The values  that are chosen in this study are 10,2,5.0,1.0  and 25 as these values also had been 

used in Werner (2003), Filzmoser et al. (2008) and Cabana et al. (2017) studies. The values   show 

that the distance between outliers and inliers determining by shifting the variance. 

 

3.3 Simulation study and Performance Measures 

In this study, we generate three sample sizes 100,30n  and 1000 representing small, moderate, and 

large sample sizes. For each sample size, there are three different number of variables, 3,2p  and 5 . 

The percentage of outliers are 15.0,05.0  and 25.0 . The selected sample sizes, number of variables 

and percentage of outliers are adopted from Rocke and Woodruff (1996), Kosinski (1999), Filzmoser 

et al. (2008), Herwindiati et al. (2007), Fauconnier and Haesbroeck (2009) and Andrea et al. (2011). 

Each combination of pn,  and  is set for two outlier scenarios. The simulation study is done by using 

the R version 4.0.0 statistical package. In this study the number of simulations, s  is set to be 10000. 

Table 1 summarize the design specification of the simulation study.  

 

Table 1.The combination values of pn, and  for two outlier scenarios. 

Sample Size, n  Number of Variables, p  Percentage of outliers,   

30 2, 3, 5 0.05, 0.15, 0.25 

100 2, 3, 5 0.05, 0.15, 0.25 

1000 2, 3, 5 0.05, 0.15, 0.25 

 

The performance of the proposed methods is measured by three different measurements which 

are success probability (pout), masking effect (pmask), and swamping effect (pswamp).  
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Figure 1. Flowchart for the assessment of the proposed method (Sebert et al.,1998) 

 

  Sebert et al. (1998) illustrated how the performance of the methods to detect outliers was 

measured. “Success” indicates the proposed methods can detect all the outliers and “Failure” happens 

when the proposed methods fail to detect all the outliers. If the proposed method can detect all the 

outliers but contains inliers, a “false alarm” would occur. Eq. 6- 8 are the formulas for each performance 

measure. 

i.   pout is the probability that all the outliers are successfully detected given by 

s

success
pout

""
      (6) 

where “success” is the number of data set that the robust estimators successfully identified all the 

outliers and sis the total number of simulations. 

 

ii.   pmask is the probability that the outliers are falsely detected as inliers and given by 

  sout

failure
pmask

""
                            (7) 

where “failure” is the number of outliers in all data set that detected as inliersand out is the number 

of outliers. 

iii. pswamp is the probability of inliers detected as outliers and given by 

  soutn

false
pswamp




""
              (8) 

where “false” is the number of inliers in all data set that detected as outliers, x and n is the sample 

size. 

No 

Yes 

Masking Occurred 

Swamping Occurred 

 

“Failure” 

 

“Success” 

Does 

candidat

e subset 

contain 

all of the 

outliers? 

x 

 

How many 

inliers are 

in the 

candidate 

subset? 

 

x “False 

Alarms” 
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The values of pout, pmask and pswamp will be between 0 and 1. The best method will show 

the highest value of pout when the value approaching 1 and the lowest value of pmask and pswamp 

when the value approaching 0 (Santos-Pereira & Pires, 2002). 

 

4. Results and Discussion 

In this section, results for two outlier scenarios will be presented and discussed. The performance of 

each robust estimator according to the pout, pmask  and  pswamp values are discussed. 

 

4.1  Outlier Scenario 1: Mean-shift model 

Results of the simulation study for Outlier Scenario 1 are presented in Tables 2 - 4. Table 2 shows 

values of pout for 5%, 15% and 25% of outliers. From Table 2, the values of pout for all robust 

estimators increase when the distance of outliers,  from the inliers, increase for all sample sizes and 

number of variables, p . It shows that all robust estimators have better performance to detect outliers 

when the distance between outliers and inliers gets larger. For all percentage of outliers, sample sizes, 

the number of variables and 10 , all robust estimators obtained pout values of 1.0000. This result 

shows that all robust estimators can detect all outliers successfully. This is happening because the 

distance between outliers and inliers is large. For ,4  results also show certain cases with pout values 

1.0000 and the rest of pout values more than 0.9000 except for 25% of outliers with 30n  and 5p .  

There are also pout values 0.0000 such as for 1,1000  n , all percentage of outliers and for 

all number of variables. It shows that all robust estimators failed to detect all outliers. This can happen 

because of the distance of outliers and inliers as well as when the number of outliers is small. As can 

be seen in 1,1000  n  and 05.0 , this data only contain 50 outliers and the distance between 

outliers and inliers is small and this condition makes all robust estimators failed to detect outliers. 
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Table 2. pout values for outlier scenarios 1. 

p  n    
%5  %15  %25  

FMCD MVV CME ISE TOC FMCD MVV CME ISE TOC FMCD MVV CME ISE TOC 

2 

30 

1 0.1744 0.1744 0.1744 0.1744 0.1744 0.0043 0.0057 0.0069 0.0057 0.0043 0.0012 0.0086 0.0086 0.0051 0.0007 

2 0.7977 0.6284 0.7977 0.6284 0.7104 0.3901 0.3901 0.3901 0.3901 0.3901 0.3481 0.2308 0.2593 0.3481 0.2593 

4 1.0000 1.0000 1.0000 1.0000 1.0000 0.9953 0.9980 0.9980 0.9953 0.9953 0.9999 0.9999 0.9999 0.9999 0.9999 

10 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

100 

1 0.0106 0.0093 0.0106 0.0106 0.0164 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.3316 0.3310 0.3310 0.3310 0.3436 0.0513 0.0513 0.0398 0.0504 0.0513 0.0102 0.0565 0.0565 0.0060 0.0092 

4 0.9996 0.9996 0.9996 0.9994 0.9993 0.9977 0.9977 0.9977 0.9977 0.9977 0.9983 0.9983 0.9983 0.9983 0.9855 

10 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

1000 

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

4 0.9922 0.9922 0.9922 0.9922 0.9884 0.9771 0.9771 0.9771 0.9771 0.9771 0.9976 0.9976 0.9976 0.9976 0.9964 

10 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3 

30 

1 0.3385 0.2045 0.2588 0.1921 0.1921 0.0044 0.0057 0.0036 0.0057 0.0044 0.0145 0.0147 0.0061 0.0059 0.0145 

2 0.9835 0.9298 0.9298 0.9298 0.9587 0.4014 0.1247 0.4014 0.1247 0.4014 0.6950 0.2704 0.6950 0.7369 0.1766 

4 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 

10 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

100 

1 0.0055 0.0069 0.0069 0.0063 0.0055 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.7383 0.7383 0.7383 0.7383 0.7383 0.0305 0.0146 0.0305 0.0305 0.0305 0.1005 0.1151 0.1292 0.1151 0.1058 

4 1.0000 1.0000 1.0000 1.0000 1.0000 0.9987 0.9988 0.9987 0.9987 0.9987 1.0000 1.0000 1.0000 1.0000 1.0000 

10 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

1000 

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.0103 0.0103 0.0103 0.0101 0.0045 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

4 1.0000 1.0000 1.0000 1.0000 1.0000 0.9995 0.9995 0.9995 0.9995 0.9995 1.0000 1.0000 1.0000 1.0000 1.0000 

10 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

5 

30 

1 0.4699 0.4054 0.4081 0.5278 0.4571 0.1672 0.0858 0.0881 0.0798 0.0932 0.0286 0.0286 0.0138 0.0378 0.0099 

2 0.7886 0.7919 0.7611 0.7683 0.7872 0.5131 0.5075 0.5259 0.5022 0.1004 0.0397 0.0303 0.0364 0.0447 0.0523 

4 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.0447 0.0826 1.0000 0.2121 0.1629 

10 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.3824 1.0000 1.0000 1.0000 0.2146 

100 

1 0.0355 0.0485 0.0299 0.0302 0.0303 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.9411 0.9487 0.9411 0.9412 0.9467 0.2876 0.2876 0.2741 0.2876 0.1523 0.5332 0.3803 0.2393 0.1400 0.5332 

4 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

10 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

1000 

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.2456 0.2411 0.2445 0.2487 0.2094 0.0023 0.0023 0.0024 0.0023 0.0015 0.0115 0.0059 0.0115 0.0059 0.0000 

4 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

10 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
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From Table 2, it is found that TOC gives better or equal results to detect outliers as other robust 

estimators. For 5% outliers, FMCD, ISE and TOC give better results than other robust estimators for 2 

out of 36 cases. While MVV gives better results than other robust estimators for 3 out of 36 cases. 

FMCD and MVV also show 22 out of 36 cases give an equal performance with other robust estimators. 

Meanwhile, CME, ISE and TOC give an equal performance with other robust estimators for 23, 19 and 

18 out of 36 cases, respectively. 

  For 15% outliers, it is found that CME gives better results than other robust estimators for 3 out 

of 36 cases. FMCD and MVV show that 1 out of 36 cases give better results than other robust estimators. 

Meanwhile, for equal performance to detect outliers, FMCD and MVV show 21 out of 36 cases has the 

same results as other robust estimators. CME, ISE and TOC give an equal performance with other 

robust estimators for 20 out of 36 cases. For 25% outliers, CME and ISE show 2 out of 36 cases give 

better results than other robust estimators. While MVV and TOC show 1 out of 36 cases give better 

results than other robust estimators. Results for equal performance to detect outliers show FMCD and 

MVV has 19 out of 36 cases has same results with other robust estimators. Meanwhile CME, ISE and 

TOC show 20, 18 and 14 out of 36 cases give an equal performance with other robust estimators. 

Tables 3 show values of pmask for 5%, 15% and 25% percentage of outliers. From Tables 3, 

the values of pmask for all robust estimators decrease as the number of variables increases except for 

certain cases. Results also show that the pmask values of all robust estimators decrease as the values 

increase. It shows that as the distance of outliers increases, the performance of robust estimators is better. 

 For 10 , pmask values is 0.0000 show that all robust estimators do not misclassify outliers 

as inliers. This happens because the distance between outliers and inliers is large. However, for the case 

of 25% outliers, the values of pmask for 5,30  pn is not 0.0000. Results 4 also show pmask 

value of 0.0000 and approaching 0.0000 for most of the other cases. It is found that for 5% outliers, 

FMCD and ISE give better results than other robust estimators for 2 out of 36 cases. While MVV and 

TOC give better results than other robust estimators for 4 out of 36 cases. FMCD and MVV also show 

23 out of 36 cases give an equal performance with other robust estimators. Meanwhile, CME, ISE and 

TOC give an equal performance with other robust estimators for 24, 21and 20 out of 36 cases, 

respectively. 

For 15% outliers, it is found that CME gives better results than other robust estimators for 4 

out of 36 cases. FMCD and TOC show that 2 out of 36 cases give better results than other robust 

estimators. While MVV gives better results than other robust estimators for 1 out of 36 cases.  For equal 

performance to not misclassify outliers as inliers, FMCD and MVV show 25 out of 36 cases has the 

same results with other robust estimators. CME, ISE and TOC give an equal performance with other 

robust estimators for 24, 23 and 18 out of 36 cases, respectively. 
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For 25% outliers, CME show 5 out of 36 cases give better results than other robust estimators. 

ISE shows that 2 out of 36 cases give better results than other robust estimators. While FMCD, MVV 

and TOC show 1 out of 36 cases give better results than other robust estimators. Results for an equal 

performance show that MVV and CME have 22 out of 36 cases that givethe same results as other robust 

estimators. Meanwhile FMCD, ISE and TOC show 23, 21 and 16 out of 36 cases give an equal 

performance with other robust estimators. 
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Table 3. pmask values for outlier scenarios 1. 

p  n    
%5  %15  %25  

FMCD MVV CME ISE TOC FMCD MVV CME ISE TOC FMCD MVV CME ISE TOC 

2 

30 

1 0.5797 0.5797 0.5797 0.5797 0.5797 0.6703 0.6408 0.6203 0.6408 0.6408 0.5789 0.4442 0.4442 0.4790 0.6180 

2 0.1068 0.2092 0.1068 0.2092 0.1574 0.1708 0.1708 0.1708 0.1708 0.1708 0.1239 0.1682 0.1557 0.1239 0.1557 

4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0009 0.0004 0.0004 0.0009 0.0004 0.0000 0.0000 0.0000 0.0000 0.0000 

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

100 

1 0.5887 0.6043 0.5887 0.5887 0.5602 0.5698 0.5698 0.5698 0.5698 0.5893 0.6171 0.4799 0.4807 0.5801 0.6138 

2 0.1980 0.1985 0.1985 0.1985 0.1921 0.1787 0.1787 0.1892 0.1790 0.1943 0.1719 0.1094 0.1094 0.1857 0.1727 

4 0.0001 0.0001 0.0001 0.0001 0.0001 0.0002 0.0002 0.0002 0.0002 0.0001 0.0001 0.0001 0.0001 0.0001 0.0006 

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

1000 

1 0.6483 0.6483 0.6483 0.6483 0.6433 0.7140 0.7140 0.7140 0.7140 0.7184 0.5619 0.5619 0.5619 0.5619 0.5700 

2 0.2031 0.2031 0.2031 0.2031 0.2130 0.2672 0.2672 0.2672 0.2672 0.3271 0.1066 0.1066 0.1066 0.1066 0.2572 

4 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0000 0.0000 0.0000 0.0000 0.0001 

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

3 

30 

1 0.4192 0.5468 0.4904 0.5594 0.5594 0.6808 0.6567 0.6836 0.6567 0.6567 0.4137 0.4150 0.4817 0.4816 0.4137 

2 0.0082 0.0355 0.0355 0.0355 0.0208 0.1670 0.3411 0.1670 0.3411 0.3655 0.0443 0.1524 0.0443 0.0374 0.1959 

4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

100 

1 0.6438 0.6212 0.6212 0.6378 0.6410 0.5398 0.5398 0.5398 0.5440 0.5546 0.4188 0.4039 0.4146 0.3816 0.4146 

2 0.0593 0.0593 0.0593 0.0593 0.0593 0.2058 0.2408 0.2058 0.2058 0.2108 0.0870 0.0827 0.0782 0.0827 0.0857 

4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0001 0.0001 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

1000 

1 0.6186 0.6173 0.6189 0.6173 0.6171 0.7118 0.7116 0.7118 0.7118 0.7155 0.5266 0.5292 0.5245 0.5292 0.5404 

2 0.0859 0.0859 0.0859 0.0861 0.1011 0.1739 0.1739 0.1739 0.1739 0.2124 0.0833 0.0833 0.0836 0.0833 0.2180 

4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

5 

30 

1 0.3122 0.3640 0.3614 0.2735 0.3239 0.3027 0.3905 0.3868 0.3959 0.3750 0.3609 0.3620 0.4099 0.3412 0.4379 

2 0.1122 0.1106 0.1281 0.1239 0.1133 0.1246 0.1260 0.1201 0.1285 0.3738 0.3365 0.3574 0.3427 0.3266 0.3112 

4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.3173 0.2702 0.0000 0.1761 0.1999 

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1130 0.0000 0.0000 0.0000 0.1745 

100 

1 0.4846 0.4526 0.4968 0.4984 0.4986 0.6143 0.6216 0.6198 0.6198 0.6240 0.5005 0.5067 0.4864 0.4894 0.5031 

2 0.0120 0.0104 0.0120 0.0119 0.0108 0.0803 0.0803 0.0831 0.0803 0.1170 0.0249 0.0380 0.0557 0.0756 0.0249 

4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

1000 

1 0.5426 0.5405 0.5426 0.5432 0.5438 0.7376 0.7320 0.7313 0.7376 0.7337 0.5927 0.5914 0.5911 0.5931 0.5929 

2 0.0277 0.0280 0.0277 0.0274 0.0308 0.0393 0.0393 0.0392 0.0393 0.0416 0.0169 0.0192 0.0169 0.0192 0.3650 

4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
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Table4 shows values of pswamp for 5%, 15% and 25% percentage of outliers.Overall, the pswamp 

values increase as the number of variables increases for all robust estimators except for certain cases. 

However, for 15% outliers, pswamp values increase as the number of variables increases for all robust 

estimators except for 1000n .Results also show the probability that all robust estimators misclassify 

inliers as outliers decrease as the values  increase. It shows that as the distance between outliers and 

inliers increases, the performance of robust estimators is better. TOC gives better results for most of the 

cases for 5%, 15% and 25% of outliers.  

It is found that for 5% outliers, TOC gives better results than other robust estimators for 21 out 

of 36 cases. MVV and ISE give better results than other robust estimators for 3 out of 36 cases. While 

FMCD gives better performance with other robust estimators for 1 out of 36 cases. For equal 

performance to not misclassify inliers as outliers, FMCD and ISE show 7 out of 36 cases have the same 

results with other robust estimators. CME and TOC give an equal performance with other robust 

estimators for 6 out of 36 cases. Meanwhile, MVV gives an equal performance with other robust 

estimators for 8 out of 36 cases. 

For 15% outliers, it is found that TOC gives better results than other robust estimators for 16 

out of 36 cases. FMCD and CME show that 2 out of 36 cases give better results than other robust 

estimators. While MVV and ISE give better results than other robust estimators for 3 and 1 out of 36 

cases.  For equal performance to not misclassify inliers as outliers, FMCD, CME and ISE show 10 out 

of 36 cases have the same results with other robust estimators. While MVV and TOC each give an equal 

performance with other robust estimators for 9 and 6 out of 36 cases, respectively. 

For 25% outliers, TOC shows12 out of 36 cases give better results than other robust estimators. 

FMCD and ISE show 3 out 36 cases give better results than other robust estimators. While MVV and 

CME show 2 out of 36 cases give better results than other robust estimators. Results for equal 

performance show CME and ISE has 10 out of 36 cases give same results with other robust estimators. 

Meanwhile, FMCD, MVV and TOC show 9, 11 and 6 out of 36 cases give an equal performance with 

other robust estimators. 
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Table 4. pswamp values for outlier scenarios 1. 

p  n    
%5  %15  %25  

FMCD MVV CME ISE TOC FMCD MVV CME ISE TOC FMCD MVV CME ISE TOC 

2 

30 

1 0.1700 0.1700 0.1700 0.1700 0.1700 0.1213 0.1361 0.1258 0.1361 0.1361 0.2978 0.2960 0.2960 0.3070 0.3181 

2 0.1331 0.1423 0.1331 0.1423 0.1201 0.1111 0.1111 0.1111 0.1111 0.1111 0.2469 0.2327 0.2453 0.2469 0.2453 

4 0.1168 0.1066 0.1117 0.1117 0.1117 0.0978 0.0769 0.0769 0.0978 0.0769 0.1573 0.1573 0.1573 0.1573 0.1573 

10 0.0749 0.0749 0.0749 0.0749 0.0749 0.0574 0.0580 0.0580 0.0636 0.0580 0.1467 0.1467 0.1467 0.1467 0.1467 

100 

1 0.1941 0.1980 0.1941 0.1941 0.1910 0.1737 0.1737 0.1737 0.1737 0.1710 0.2192 0.2301 0.2339 0.2172 0.2160 

2 0.1560 0.1549 0.1549 0.1549 0.1509 0.1365 0.1365 0.1372 0.1294 0.1299 0.1763 0.1956 0.1956 0.1826 0.1790 

4 0.1085 0.1085 0.1085 0.1116 0.0968 0.0841 0.0841 0.0941 0.0841 0.0799 0.1260 0.1260 0.1260 0.1260 0.1224 

10 0.0927 0.0927 0.0927 0.0927 0.0740 0.0593 0.0593 0.0593 0.0593 0.0593 0.1213 0.1213 0.1213 0.1213 0.0924 

1000 

1 0.1337 0.1337 0.1337 0.1337 0.1315 0.1305 0.1305 0.1305 0.1305 0.1300 0.2545 0.2545 0.2545 0.2545 0.2562 

2 0.1286 0.1286 0.1286 0.1286 0.1287 0.0903 0.0903 0.0903 0.0903 0.0953 0.2016 0.2016 0.2016 0.2016 0.2168 

4 0.1153 0.1153 0.1153 0.1153 0.1169 0.0719 0.0719 0.0719 0.0719 0.0710 0.2012 0.2012 0.2012 0.2012 0.1977 

10 0.1111 0.1111 0.1111 0.1111 0.1103 0.0662 0.0662 0.0662 0.0662 0.0666 0.1818 0.1818 0.1818 0.1818 0.1838 

3 

30 

1 0.2834 0.2472 0.2569 0.2548 0.2548 0.1985 0.1867 0.1816 0.1867 0.1867 0.4109 0.4318 0.4120 0.4284 0.4109 

2 0.2260 0.2446 0.2446 0.2446 0.1924 0.1414 0.1516 0.1414 0.1516 0.1551 0.3121 0.3250 0.3121 0.2790 0.2745 

4 0.1699 0.1699 0.1607 0.1699 0.1526 0.1131 0.1262 0.1262 0.1131 0.1131 0.1218 0.1043 0.1043 0.1043 0.1213 

10 0.1041 0.1093 0.0976 0.0976 0.0769 0.0684 0.0684 0.0684 0.0684 0.0684 0.0814 0.0814 0.0814 0.0814 0.0814 

100 

1 0.1702 0.1802 0.1802 0.1807 0.1767 0.1486 0.1486 0.1486 0.1538 0.1439 0.3317 0.3231 0.3146 0.3199 0.3146 

2 0.1559 0.1559 0.1559 0.1559 0.1559 0.1272 0.1320 0.1272 0.1272 0.1185 0.2800 0.2801 0.2676 0.2801 0.2863 

4 0.1246 0.1246 0.1269 0.1246 0.1246 0.0822 0.0822 0.0810 0.0822 0.0793 0.2084 0.2129 0.2129 0.2107 0.2148 

10 0.1097 0.1097 0.1150 0.1097 0.0960 0.0714 0.0714 0.0714 0.0714 0.0690 0.1854 0.1854 0.1854 0.1578 0.1788 

1000 

1 0.1224 0.1224 0.1226 0.1224 0.1223 0.1181 0.1183 0.1181 0.1181 0.1180 0.2538 0.2543 0.2528 0.2543 0.2499 

2 0.1108 0.1108 0.1108 0.1110 0.1097 0.0719 0.0719 0.0719 0.0719 0.0739 0.1775 0.1775 0.1775 0.1775 0.1962 

4 0.1062 0.1062 0.1065 0.1062 0.1060 0.0702 0.0702 0.0702 0.0702 0.0691 0.1684 0.1684 0.1696 0.1696 0.1626 

10 0.1036 0.1037 0.1037 0.1029 0.1039 0.0683 0.0683 0.0683 0.0683 0.0680 0.1568 0.1568 0.1568 0.1568 0.1530 

5 

30 

1 0.2814 0.3067 0.3215 0.2592 0.2735 0.5653 0.4629 0.4855 0.4721 0.5571 0.6865 0.6687 0.6018 0.5593 0.5892 

2 0.1828 0.1901 0.2022 0.2154 0.1798 0.3618 0.3428 0.3768 0.3534 0.3467 0.4665 0.4577 0.4969 0.5157 0.4973 

4 0.1576 0.1477 0.1560 0.1576 0.1477 0.2902 0.2415 0.2902 0.2415 0.2902 0.3888 0.4295 0.3713 0.4028 0.4584 

10 0.1291 0.1202 0.1443 0.1508 0.0757 0.2201 0.2201 0.2201 0.2201 0.1737 0.2790 0.4082 0.3249 0.3954 0.4084 

100 

1 0.1916 0.1933 0.1822 0.1777 0.1778 0.1747 0.1763 0.1740 0.1740 0.1614 0.4335 0.4349 0.4443 0.4471 0.4286 

2 0.1598 0.1611 0.1598 0.1629 0.1554 0.1395 0.1395 0.1338 0.1395 0.1400 0.2792 0.2880 0.3065 0.3200 0.2792 

4 0.0997 0.0961 0.0968 0.0933 0.0848 0.1137 0.1187 0.1137 0.1137 0.1187 0.2416 0.2651 0.2499 0.2375 0.2416 

10 0.0710 0.0700 0.0751 0.0751 0.0757 0.0976 0.0938 0.0960 0.1026 0.0961 0.2369 0.2099 0.2357 0.2099 0.2140 

1000 

1 0.1111 0.1112 0.1111 0.1112 0.1109 0.0860 0.0855 0.0855 0.0860 0.0852 0.2522 0.2523 0.2514 0.2523 0.2425 

2 0.1028 0.1028 0.1027 0.1028 0.1018 0.0694 0.0694 0.0694 0.0694 0.0694 0.1640 0.1639 0.1640 0.1639 0.2036 

4 0.1005 0.1005 0.1005 0.1005 0.1005 0.0689 0.0689 0.0689 0.0689 0.0687 0.1611 0.1611 0.1610 0.1611 0.1598 

10 0.0984 0.0984 0.0982 0.0982 0.0971 0.0644 0.0644 0.0644 0.0644 0.0640 0.1367 0.1365 0.1367 0.1367 0.1350 
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4.2 Outlier Scenario 2: Variance-inflation model 

Results of the simulation study for Outlier Scenario 2 are presented in this section from Table 5 to Tab

le 7. Table 5 shows values of pout for 5%, 15% and 25% percentage of outliers. From Table 5, the values 

of pout for all robust estimators increase when the distance of outliers,   increases for all sample sizes 

and all number of variables, p . It shows that all robust estimators have better performance to detect 

outliers when the distance between outliers and inliers gets larger. Results also show that pout values 

increase as the number of variables increase. 

From Table 5, all robust estimators obtained pout values of 0.0000for all sample sizes, all 

number of variables and 1.0 . The values of all robust estimators were also found to be 0.0000 for 

5.0  , 100n  and 1000n  . The same result was obtained for 2   and 1000n  . This can 

happen as the distance between outliers and inliers is smaller compare to 10  and 25 . From 

Table 5, pout values are 0.0000 for all sample sizes, all number of variables, 1.0  and 5.0 . The 

same result was also obtained for 2 , 100n  and 1000n . 

 Besides the distance of outliers, the percentage of outliers also affected the ability of robust 

estimators to detect outliers. If the data contain 5% outliers, only 2, 5 and 50 outliers contain in 

100,30  nn and 1000n which makes outliers identification difficult for all robust estimators. For 

5% outliers, ISE gives better results than other robust estimators for 8 out of 45 cases. FMCD and MVV 

give better results than other robust estimators for 3 out of 45 cases. While TOC gives better results 

than other robust estimators for 1 out of 45 cases. FMCD and ISE also show 8 out of 45 cases give an 

equal performance with other robust estimators. Meanwhile, MVV, CME and TOC give an equal 

performance with other robust estimators for 9, 7 and 3 out of 45 cases, respectively. 

 For 15% outliers, it is found that CME and ISE give better results than other robust estimators 

for 3 out of 45 cases. FMCD and MVV show that 1 out of 45 cases give better results than other robust 

estimators. Meanwhile, for equal performance to detect outliers, FMCD and ISE show 7 out of 45 cases 

havethe same results with other robust estimators. MVV and CME show 6 out of 45 cases has the same 

results as other robust estimators. While TOC gives an equal performance with other robust estimators 

for 4 out of 45 cases. 

For 25% outliers, FMCD and CME show 4and 5 out of 45 cases give better results than other 

robust estimators. While ISE and TOC show 1 out of 45 cases give better results than other robust 

estimators. Results for equal performance to detect outliers show MVV and CME has 4 out of 45 cases 

give same results with other robust estimators. Meanwhile, FMCD, ISE and TOC show 5, 6 and 3 out 

of 45 cases give an equal performance with other robust estimators. 
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Table 5. pout values for outlier scenarios 2. 

p  n    
%5  %15  %25  

FMCD MVV CME ISE TOC FMCD MVV CME ISE TOC FMCD MVV CME ISE TOC 

2 

30 

0.1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.5 0.0004 0.0009 0.0004 0.0004 0.0009 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.1000 0.1000 0.1000 0.1052 0.1000 0.0070 0.0070 0.0063 0.0070 0.0069 0.0007 0.0004 0.0004 0.0005 0.0004 

10 0.6057 0.6057 0.6057 0.6057 0.6057 0.3055 0.3007 0.3007 0.3148 0.3029 0.2084 0.2084 0.2084 0.2084 0.2084 

25 0.8144 0.8160 0.8144 0.8175 0.8160 0.6247 0.6279 0.6247 0.6247 0.6062 0.4732 0.4608 0.4623 0.4623 0.4541 

100 

0.1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.5 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.0096 0.0099 0.0096 0.0099 0.0099 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

10 0.3923 0.3923 0.3923 0.3923 0.3764 0.0297 0.0297 0.0297 0.0297 0.0255 0.0233 0.0232 0.0196 0.0202 0.0202 

25 0.6484 0.6471 0.6484 0.6484 0.6471 0.1823 0.1823 0.1830 0.1823 0.1830 0.1861 0.1861 0.1861 0.1861 0.1845 

1000 

0.1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.5 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

10 0.0000 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

25 0.0124 0.0122 0.0124 0.0124 0.0122 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

3 

30 

0.1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.5 0.0006 0.0006 0.0006 0.0004 0.0025 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.1669 0.1669 0.1514 0.1669 0.1662 0.0103 0.0100 0.0100 0.0103 0.0103 0.0063 0.0063 0.0062 0.0062 0.0022 

10 0.7919 0.7991 0.7991 0.8066 0.7919 0.4631 0.4631 0.4770 0.4770 0.4770 0.4472 0.4336 0.4336 0.4472 0.4270 

25 0.9267 0.9280 0.9267 0.9272 0.9233 0.7731 0.7693 0.7693 0.7731 0.7574 0.7249 0.7249 0.7553 0.7249 0.7175 

100 

0.1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.5 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.0242 0.0246 0.0246 0.0271 0.0244 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

10 0.6001 0.6001 0.6001 0.6001 0.5876 0.1496 0.1503 0.1496 0.1513 0.1485 0.0933 0.0998 0.1020 0.0960 0.0951 

25 0.8336 0.8329 0.8336 0.8340 0.8224 0.5308 0.5332 0.5332 0.5308 0.5182 0.4972 0.4946 0.4974 0.4946 0.4529 

1000 

0.1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.5 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

10 0.0022 0.0023 0.0022 0.0022 0.0021 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

25 0.1806 0.1798 0.1805 0.1805 0.1775 0.0044 0.0044 0.0044 0.0044 0.0043 0.0029 0.0028 0.0029 0.0029 0.0028 

5 30 

0.1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.5 0.0279 0.0203 0.0185 0.0102 0.0052 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.4337 0.4445 0.4480 0.4527 0.4154 0.0368 0.0481 0.0381 0.0620 0.0450 0.0208 0.0168 0.0211 0.0123 0.0222 

10 0.9601 0.9624 0.9624 0.9613 0.9534 0.7854 0.7963 0.8054 0.7886 0.7963 0.6873 0.7075 0.7075 0.7075 0.7075 

25 0.9911 0.9928 0.9923 0.9913 0.9918 0.9643 0.9643 0.9643 0.9643 0.9643 0.9536 0.9541 0.9536 0.9567 0.9541 



Journal of Statistical Modeling and Analytics  Vol 3(2), 36-64. 2021 

 

53 

 

100 

0.1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.5 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.0449 0.0449 0.0424 0.0465 0.0419 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000 

10 0.8461 0.8477 0.8458 0.8480 0.8454 0.4530 0.4533 0.4679 0.4568 0.4327 0.6431 0.6428 0.6486 0.6342 0.6462 

25 0.9783 0.9783 0.9783 0.9783 0.9777 0.9213 0.9202 0.9216 0.9202 0.9202 0.9390 0.9375 0.9362 0.9353 0.9353 

1000 

0.1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.5 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

10 0.2121 0.2121 0.2119 0.2119 0.2119 0.0024 0.0022 0.0022 0.0022 0.0022 0.0018 0.0019 0.0020 0.0021 0.0021 

25 0.8066 0.8062 0.8063 0.8060 0.8059 0.4521 0.4521 0.4518 0.4514 0.4508 0.4478 0.4485 0.4482 0.4486 0.4464 
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The probability that the outliers are falsely detected as inliers or known as pmask is shown in Table 6. 

From Table 6, the values of pmask for all robust estimators decrease as the number of variables increases 

except for certain cases 5p . Results also show the pmask values decrease as the values   increase. 

It shows that as the distance of outliers increases, the performance of robust estimators is better. 

The values of pmask are 1.0000 for all sample sizes and 1.0  when data contain 5% and 15% 

outliers. However, when 30n  and 1.0  for 5% outliers the values of pmask are 0.9000 and above. 

For 25% outliers, the value of pmask is 1.0000 for 1000n  and 1.0 . Results from Table 6 show 

that all robust estimators have the lowest probability to misclassify outliers as in inliers when 10

and 25 .It is found that for 5% outliers, ISE gives better results than other robust estimators for 7 

out of 45 cases. While FMCD, MVV, CME and TOC give better results than other robust estimators for 

2, 5, 1 and 3 out of 45 cases. MVV and ISE also show 14 out of 45 cases give an equal performance 

with other robust estimators. Meanwhile, FMCD, CME and TOC give an equal performance with other 

robust estimators for 15, 16 and 6 out of 45 cases, respectively. 

For 15% outliers, it is found that CME gives better results than other robust estimators for 7 out 

of 45 cases. FMCD, MVV and ISE show that 3 out of 45 cases give better results than other robust 

estimators. While TOC gives better results than other robust estimators for 1 out of 45 cases.  For equal 

performance to not misclassify outliers as inliers, FMCD and MVV show 13 out of 45 cases has the 

same results with other robust estimators. CME, ISE and TOC give an equal performance with other 

robust estimators for 16, 15 and 8 out of 45 cases, respectively. 

For 25% outliers, CME, FMCD and ISE show9, 6 and 5 out of 45 cases give better results than 

other robust estimators. While MVV and TOC show 1 out of 45 cases give better results than other 

robust estimators. Results for an equal performance show that FMCD and MVV have18 out of 45 cases 

that give the same results as other robust estimators. CME and ISE show 16 out of 45 cases have the 

same results as other robust estimators. Meanwhile, TOC show 4 out of 45 cases give an equal 

performance with other robust estimators. 
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Table 6. pmask values for outlier scenarios 2. 

p  n    
%5  %15  %25  

FMCD MVV CME ISE TOC FMCD MVV CME ISE TOC FMCD MVV CME ISE TOC 

2 

30 

0.1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9913 0.9980 0.9913 0.9973 0.9973 

0.5 0.9790 0.9745 0.9790 0.9790 0.9745 0.9574 0.9574 0.9574 0.9574 0.9652 0.9076 0.9076 0.9124 0.8954 0.9076 

2 0.6850 0.6850 0.6850 0.6759 0.6850 0.6322 0.6322 0.6302 0.6322 0.6303 0.6060 0.5943 0.5948 0.6016 0.5943 

10 0.2237 0.2237 0.2237 0.2237 0.2237 0.2116 0.2142 0.2142 0.2060 0.2132 0.1798 0.1798 0.1798 0.1798 0.1798 

25 0.0974 0.0969 0.0974 0.0956 0.0969 0.0902 0.0893 0.0902 0.0902 0.0956 0.0892 0.0911 0.0915 0.0915 0.0934 

100 

0.1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9914 0.9969 0.9914 0.9914 0.9974 

0.5 0.9536 0.9536 0.9542 0.9536 0.9564 0.9772 0.9792 0.9793 0.9793 0.9785 0.8657 0.8513 0.8587 0.8568 0.8645 

2 0.5957 0.5956 0.5957 0.5956 0.5956 0.6381 0.6407 0.6407 0.6390 0.6407 0.4826 0.4822 0.4822 0.4822 0.4995 

10 0.1706 0.1706 0.1706 0.1706 0.1788 0.2099 0.2099 0.2099 0.2099 0.2167 0.1423 0.1423 0.1468 0.1458 0.1463 

25 0.0843 0.0843 0.0841 0.0841 0.0845 0.1078 0.1078 0.1074 0.1078 0.1074 0.0649 0.0649 0.0649 0.0649 0.0651 

1000 

0.1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9955 0.9955 0.9955 0.9955 0.9956 

0.5 0.9733 0.9731 0.9735 0.9733 0.9740 0.9629 0.9628 0.9628 0.9629 0.9632 0.8277 0.8277 0.8277 0.8277 0.8289 

2 0.6417 0.6415 0.6418 0.6417 0.6421 0.6498 0.6499 0.6499 0.6499 0.6499 0.4589 0.4589 0.4589 0.4590 0.4596 

10 0.1908 0.1908 0.1908 0.1908 0.1911 0.2175 0.2175 0.2175 0.2175 0.2175 0.1574 0.1574 0.1573 0.1574 0.1574 

25 0.0852 0.0852 0.0852 0.0852 0.0854 0.0941 0.0941 0.0942 0.0941 0.0942 0.0702 0.0702 0.0702 0.0702 0.0705 

3 

30 

0.1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9689 0.9974 0.9960 0.9649 0.9980 

0.5 0.9716 0.9716 0.9716 0.9814 0.9548 0.9588 0.9588 0.9413 0.9588 0.9588 0.8319 0.8436 0.8650 0.8650 0.8766 

2 0.5970 0.5970 0.6145 0.5970 0.5969 0.5949 0.6046 0.6046 0.5949 0.5949 0.4762 0.4762 0.4798 0.4798 0.5486 

10 0.1093 0.1061 0.1061 0.1018 0.1093 0.1409 0.1409 0.1360 0.1360 0.1360 0.0963 0.0998 0.0998 0.0963 0.1022 

25 0.0373 0.0366 0.0373 0.0370 0.0390 0.0505 0.0513 0.0513 0.0505 0.0543 0.0393 0.0393 0.0346 0.0393 0.0408 

100 

0.1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9974 0.9986 0.9987 0.9986 0.9986 

0.5 0.9582 0.9582 0.9582 0.9582 0.9582 0.9884 0.9881 0.9852 0.9884 0.9851 0.8798 0.8795 0.8798 0.8795 0.8888 

2 0.5287 0.5187 0.5187 0.5148 0.5216 0.6065 0.6065 0.6065 0.6065 0.6180 0.4614 0.4623 0.4685 0.5074 0.4975 

10 0.0975 0.0975 0.0975 0.0975 0.1013 0.1176 0.1176 0.1176 0.1171 0.1175 0.0894 0.0873 0.0872 0.0893 0.0897 

25 0.0353 0.0358 0.0353 0.0354 0.0381 0.0408 0.0407 0.0407 0.0408 0.0423 0.0280 0.0281 0.0279 0.0281 0.0317 

1000 

0.1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9993 0.9994 0.9993 0.9993 0.9994 

0.5 0.9868 0.9867 0.9868 0.9868 0.9872 0.9807 0.9807 0.9806 0.9806 0.9811 0.8800 0.8796 0.8790 0.8797 0.8929 

2 0.5975 0.5976 0.5975 0.5976 0.5977 0.6440 0.6440 0.6440 0.6440 0.6453 0.4614 0.4614 0.4614 0.4614 0.4652 

10 0.1124 0.1124 0.1124 0.1124 0.1125 0.1169 0.1168 0.1169 0.1169 0.1170 0.0837 0.0837 0.0837 0.0837 0.0838 

25 0.0333 0.0334 0.0333 0.0333 0.0336 0.0363 0.0363 0.0363 0.0363 0.0363 0.0239 0.0239 0.0239 0.0239 0.0241 

5 30 

0.1 0.9998 0.9997 0.9994 0.9998 0.9998 1.0000 1.0000 1.0000 1.0000 1.0000 0.9942 0.9963 0.9988 0.9920 0.9981 

0.5 0.8296 0.8620 0.8606 0.8964 0.9254 0.9477 0.9590 0.9456 0.9520 0.9456 0.9169 0.9390 0.8980 0.9116 0.9477 

2 0.3394 0.3325 0.3286 0.3266 0.3550 0.4832 0.4554 0.4845 0.4242 0.4637 0.3844 0.4014 0.3917 0.4336 0.3802 

10 0.0200 0.0189 0.0189 0.0194 0.0237 0.0472 0.0445 0.0425 0.0466 0.0445 0.0451 0.0418 0.0418 0.0418 0.0418 

25 0.0044 0.0036 0.0038 0.0044 0.0041 0.0072 0.0072 0.0072 0.0072 0.0072 0.0059 0.0058 0.0059 0.0055 0.0058 
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100 

0.1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9980 0.9981 0.9983 0.9984 0.9992 

0.5 0.9866 0.9866 0.9866 0.9866 0.9852 0.9753 0.9753 0.9753 0.9753 0.9816 0.9212 0.9349 0.9160 0.9212 0.9544 

2 0.4605 0.4605 0.4666 0.4589 0.4669 0.4375 0.4308 0.4255 0.4505 0.4499 0.3264 0.3433 0.3434 0.3391 0.3496 

10 0.0328 0.0324 0.0327 0.0323 0.0329 0.0310 0.0311 0.0299 0.0306 0.0329 0.0174 0.0174 0.0170 0.0180 0.0172 

25 0.0044 0.0044 0.0044 0.0044 0.0045 0.0055 0.0055 0.0054 0.0055 0.0055 0.0025 0.0025 0.0026 0.0027 0.0027 

1000 

0.1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

0.5 0.9958 0.9960 0.9959 0.9959 0.9961 0.9942 0.9942 0.9942 0.9942 0.9943 0.9384 0.9391 0.9377 0.9386 0.9420 

2 0.5269 0.5270 0.5269 0.5271 0.5271 0.5587 0.5585 0.5586 0.5586 0.5590 0.3964 0.3960 0.3961 0.3959 0.3997 

10 0.0307 0.0307 0.0307 0.0307 0.0307 0.0406 0.0406 0.0405 0.0406 0.0406 0.0249 0.0249 0.0249 0.0249 0.0250 

25 0.0043 0.0043 0.0043 0.0043 0.0043 0.0054 0.0054 0.0054 0.0054 0.0054 0.0032 0.0032 0.0032 0.0032 0.0032 

 

 

 

Table 7. pswamp values for outlier scenarios 2. 

p  n    
%5  %15  %25  

FMCD MVV CME ISE TOC FMCD MVV CME ISE TOC FMCD MVV CME ISE TOC 

2 

30 

0.1 0.1837 0.1982 0.1837 0.1837 0.1982 0.2030 0.1914 0.2090 0.1943 0.1943 0.4928 0.4476 0.4928 0.4530 0.4530 

0.5 0.1376 0.1494 0.1376 0.1376 0.1494 0.1832 0.1832 0.1832 0.1832 0.1695 0.2929 0.2929 0.2888 0.3040 0.2929 

2 0.1101 0.1101 0.1101 0.1113 0.1101 0.1535 0.1535 0.1542 0.1535 0.1572 0.1606 0.1761 0.1839 0.1668 0.1761 

10 0.1018 0.1018 0.1018 0.1018 0.1018 0.1231 0.1110 0.1110 0.1289 0.1258 0.1535 0.1535 0.1535 0.1535 0.1535 

25 0.0880 0.0896 0.0880 0.0946 0.0896 0.1068 0.1089 0.1068 0.1068 0.0860 0.1459 0.1029 0.1124 0.1124 0.1125 

100 

0.1 0.2376 0.2387 0.2326 0.2326 0.2376 0.2601 0.2601 0.2601 0.2601 0.2488 0.5609 0.5426 0.5609 0.5609 0.5396 

0.5 0.2018 0.2018 0.2007 0.2018 0.1980 0.1452 0.1413 0.1413 0.1413 0.1425 0.3580 0.3694 0.3637 0.3654 0.3590 

2 0.1694 0.1701 0.1694 0.1701 0.1701 0.1388 0.1358 0.1358 0.1382 0.1358 0.2787 0.2776 0.2776 0.2776 0.2566 

10 0.1658 0.1658 0.1658 0.1658 0.1450 0.1031 0.1031 0.1031 0.1031 0.0896 0.2517 0.2425 0.2380 0.2106 0.2090 

25 0.1174 0.1175 0.1174 0.1174 0.1271 0.0621 0.0621 0.0651 0.0621 0.0651 0.2078 0.2078 0.2078 0.2078 0.1997 

1000 

0.1 0.1669 0.1669 0.1669 0.1669 0.1636 0.2195 0.2194 0.2195 0.2198 0.2193 0.5797 0.5797 0.5797 0.5797 0.5790 

0.5 0.1586 0.1589 0.1583 0.1586 0.1574 0.1919 0.1922 0.1921 0.1920 0.1915 0.4132 0.4132 0.4132 0.4132 0.4122 

2 0.1294 0.1296 0.1294 0.1294 0.1291 0.1237 0.1237 0.1237 0.1237 0.1238 0.2927 0.2927 0.2926 0.2924 0.2915 

10 0.1241 0.1241 0.1241 0.1241 0.1232 0.0869 0.0869 0.0869 0.0869 0.0870 0.1810 0.1811 0.1808 0.1807 0.1810 

25 0.1104 0.1103 0.1104 0.1105 0.1086 0.0850 0.0850 0.0851 0.0852 0.0850 0.1675 0.1672 0.1675 0.1678 0.1626 

3 30 

0.1 0.2124 0.2124 0.2373 0.2124 0.2106 0.2864 0.2513 0.2513 0.2663 0.2485 0.5992 0.5342 0.5571 0.6413 0.5169 

0.5 0.1827 0.1827 0.1827 0.1592 0.2068 0.2129 0.2129 0.2382 0.2129 0.2129 0.4342 0.4269 0.3947 0.3947 0.3748 

2 0.1381 0.1381 0.1264 0.1381 0.1481 0.1506 0.1397 0.1397 0.1506 0.1506 0.2702 0.2702 0.2684 0.2684 0.2057 

10 0.1339 0.1261 0.1261 0.1378 0.1339 0.0921 0.0921 0.0980 0.0980 0.0980 0.1732 0.1527 0.1527 0.1732 0.1913 

25 0.1015 0.1109 0.1015 0.1104 0.1213 0.0529 0.0522 0.0522 0.0529 0.0405 0.1186 0.1186 0.1519 0.1186 0.1210 
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100 

0.1 0.2103 0.2166 0.2122 0.2103 0.2194 0.1844 0.1844 0.1844 0.1852 0.1766 0.6045 0.5908 0.5892 0.5908 0.5908 

0.5 0.2101 0.2101 0.2101 0.2101 0.2101 0.1293 0.1305 0.1376 0.1293 0.1389 0.3485 0.3496 0.3485 0.3496 0.3384 

2 0.1808 0.1958 0.1958 0.1998 0.1915 0.1238 0.1238 0.1238 0.1238 0.1115 0.2565 0.2559 0.2543 0.2043 0.2158 

10 0.1331 0.1331 0.1331 0.1331 0.1226 0.1038 0.1043 0.1038 0.1065 0.1071 0.1697 0.1921 0.1946 0.1980 0.1682 

25 0.1042 0.0890 0.1042 0.1037 0.0707 0.0624 0.0660 0.0660 0.0624 0.0541 0.1362 0.1363 0.1301 0.1363 0.1179 

1000 

0.1 0.1563 0.1573 0.1573 0.1563 0.1557 0.2132 0.2130 0.2130 0.2130 0.2120 0.6179 0.6179 0.6182 0.6179 0.6170 

0.5 0.1423 0.1425 0.1419 0.1419 0.1407 0.1731 0.1731 0.1733 0.1734 0.1723 0.3893 0.3898 0.3904 0.3897 0.3776 

2 0.1209 0.1207 0.1208 0.1208 0.1207 0.0910 0.0910 0.0910 0.0910 0.0898 0.2313 0.2313 0.2313 0.2313 0.2253 

10 0.0965 0.0966 0.0965 0.0965 0.0961 0.0887 0.0888 0.0886 0.0886 0.0882 0.1691 0.1687 0.1687 0.1691 0.1683 

25 0.0901 0.0901 0.0899 0.0900 0.0874 0.0730 0.0730 0.0729 0.0730 0.0728 0.1593 0.1591 0.1593 0.1593 0.1533 

5 

30 

0.1 0.4689 0.4736 0.5365 0.4844 0.4981 0.3463 0.3658 0.3329 0.3208 0.3392 0.7052 0.6759 0.6399 0.7044 0.6784 

0.5 0.4342 0.4165 0.4078 0.3644 0.3292 0.2663 0.2395 0.2635 0.2639 0.2635 0.3269 0.2858 0.3484 0.3322 0.2747 

2 0.3189 0.3251 0.3358 0.3264 0.2831 0.1897 0.2041 0.1846 0.2363 0.2055 0.2731 0.2539 0.2750 0.2238 0.2722 

10 0.2456 0.2735 0.2735 0.2747 0.2369 0.1175 0.1090 0.1370 0.1395 0.1090 0.1189 0.1218 0.1218 0.1218 0.1218 

25 0.1891 0.1670 0.1634 0.1816 0.1700 0.0748 0.0748 0.0748 0.0748 0.0748 0.1126 0.1188 0.1126 0.0823 0.1188 

100 

0.1 0.1922 0.1966 0.1987 0.1937 0.1932 0.2481 0.2381 0.2423 0.2488 0.2481 0.7286 0.7272 0.7242 0.7216 0.7129 

0.5 0.1718 0.1718 0.1718 0.1718 0.1781 0.2197 0.2197 0.2197 0.2197 0.2011 0.3696 0.3464 0.3693 0.3696 0.3144 

2 0.1621 0.1621 0.1570 0.1651 0.1561 0.1940 0.2010 0.2073 0.1802 0.1790 0.3142 0.2847 0.2779 0.2863 0.2696 

10 0.1226 0.1344 0.1344 0.1302 0.1203 0.1382 0.1489 0.1404 0.1421 0.1081 0.2571 0.2577 0.2670 0.2442 0.2594 

25 0.1036 0.1036 0.1036 0.1036 0.0941 0.0710 0.0713 0.0750 0.0713 0.0713 0.2428 0.2338 0.2166 0.2014 0.2207 

1000 

0.1 0.1351 0.1355 0.1351 0.1349 0.1341 0.2215 0.2215 0.2214 0.2215 0.2206 0.6885 0.6891 0.6885 0.6884 0.6871 

0.5 0.1224 0.1216 0.1220 0.1218 0.1203 0.1424 0.1424 0.1424 0.1424 0.1417 0.3744 0.3736 0.3748 0.3740 0.3688 

2 0.1088 0.1085 0.1088 0.1085 0.1086 0.0894 0.0897 0.0896 0.0895 0.0892 0.2063 0.2072 0.2068 0.2072 0.2018 

10 0.1077 0.1075 0.1076 0.1076 0.1072 0.0678 0.0677 0.0675 0.0677 0.0668 0.1463 0.1459 0.1450 0.1456 0.1440 

25 0.0891 0.0893 0.0889 0.0890 0.0879 0.0639 0.0639 0.0638 0.0640 0.0637 0.1384 0.1373 0.1382 0.1379 0.1363 
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Table 7 shows the probability values ofall robust estimators misclassify inliers as outliers, pswamp for 

5%, 15% and 25% percentage of outliers. Results also show pswamp values decrease as the values 

increase. It shows that as the distance between outliers and inliers increases, the performance of robust 

estimators is better. 

The TOC gives better results for most of the cases of 5%, 15% and 25% outliers. It is found 

that for 5% outliers, TOC gives better results than other robust estimators for 24 out of 45 cases. ISE 

gives better results than other robust estimators for 1 out of 45 cases. While FMCD and CME give 

better performance with other robust estimators for 3 and 2 out of 45 cases. For equal performance to 

not misclassify inliers as outliers, CME and FMCD show 12and 11 out of 45 cases has the same results 

with other robust estimators. Meanwhile, MVV, ISE and TOC give an equal performance with other 

robust estimators for 7, 9 and 4 out of 45 cases, respectively. 

For 15% outliers, 24 out of 45 cases show TOC has the lowest value of pswamp. FMCD, CME, 

and ISE show that 1 out of 45 cases give better results than other robust estimators. While MVV gives 

better results than other robust estimators for 3 out of 45 cases.  For equal performance to not misclassify 

inliers as outliers, CME and ISE show 8 out of 45 cases have the same results with other robust 

estimators. FMCD, MVV and TOC each give an equal performance with other robust estimators for 10, 

13 and 5 out of 45 cases, respectively. 

While for 25% outliers 28 out of 45 cases show TOC has the lowest value of pswamp. FMCD 

and CME show 3 out of 45 cases give better results than other robust estimators. While MVV and ISE 

show 2 and 6 out of 45 cases give better results than other robust estimators. Results for equal 

performance show MVV and TOC has 3and 1 out of 45 cases give same results with other robust 

estimators. Meanwhile FMCD, CME and ISE show 2 out of 45 cases give an equal performance with 

other robust estimators. 

 

3.3 The Best Robust Estimator 

 

Tables 8 – 10 show summary results for pout, pmask and pswamp for both outlier scenarios. From Table 

8, all robust estimators give the best result for outlier scenario 1 when 4 and 10 . For outlier 

scenario 2 most of the robust estimators give better results when 10  and 25 . The same results 

were also obtained for pmask where most of the robust estimators give the best results when the distance 

of outliers and inliers are large for both outlier scenarios. From Table 10, TOC can be said to be the best 

estimator for pswamp. Both outlier scenarios show TOC is the best estimator for most cases. 
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Table 8. The best robust estimators for pout using Outlier Scenarios 1 and Outlier Scenarios 2. 

  n  p  
Outlier Scenarios 1 Outlier Scenarios 2 

1  2  4  10  1.0  5.0  2  10  25  

5% 

30 

2 All FMCD, CME All All None 
MVV, 

TOC 
ISE All ISE 

3 FMCD FMCD All All None TOC FMCD, MVV, ISE ISE MVV 

5 ISE MVV All All None FMCD ISE MVV, CME MVV 

100 

2 TOC TOC FMCD, MVV,CME All None None MVV, ISE, TOC FMCD, MVV, CME, ISE FMCD, CME, ISE 

3 MVV, CME All All All None None ISE FMCD, MVV, CME, ISE ISE 

5 MVV MVV All All None None ISE ISE 
FMCD, MVV, CME, 

ISE 

1000 

2 None None 
FMCD, MVV, 

CME, ISE 
All None None None None FMCD, CME, ISE 

3 None 
FMCD, MVV, 

CME 
All All None None None MVV FMCD 

5 None ISE All All None None None FMCD, MVV FMCD 

15% 

30 

2 CME All MVV, CME All None None FMCD, MVV, ISE ISE MVV 

3 ISE, MVV FMCD, CME, TOC All All None None FMCD, ISE, TOC CME, ISE, TOC FMCD, ISE 

5 FMCD CME All All None None ISE CME All 

100 

2 None FMCD, MVV, TOC All All None None None FMCD, MVV, CME, ISE CME, TOC 

3 None 
FMCD, CME, ISE, 

TOC 
MVV All None None None ISE MVV, CME 

5 None FMCD, MVV, ISE All All None None None CME CME 

1000 

2 None None All All None None None None None 

3 None None All All None None None None 
FMCD, MVV, CME, 

ISE 

5 None CME All All None None None FMCD FMCD, MVV 

25% 

30 

2 MVV, CME FMCD, ISE All All None None FMCD All FMCD 

3 MVV ISE 
FMCD, MVV, 

CME, ISE 
All None None FMCD, MVV FMCD, ISE CME 

5 ISE TOC CME 
MVV, CME, 

ISE 
None None TOC MVV, CME, ISE, TOC ISE 

100 

2 None MVV, CME 
FMCD, MVV, 

CME, ISE 
All None None None FMCD 

FMCD, MVV, CME, 
ISE 

3 None CME All All None None None CME CME 

5 None FMCD, TOC All All None CME None CME FMCD 

1000 

2 None None 
FMCD, MVV, 

CME, ISE 
All None None None None None 

3 None None All All None None None None FMCD, CME, ISE 

5 None FMCD, CME All All None None None ISE, TOC ISE 
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Table 9. The best robust estimators for pmask using Outlier Scenarios 1 and Outlier Scenarios 2. 

  n  p  
Outlier Scenarios 1 Outlier Scenarios 2 

1  2  4  10  1.0  5.0  2  10  25  

5% 

30 

2 All FMCD, CME All All None MVV, TOC ISE All ISE 

3 FMCD FMCD All All None TOC TOC ISE MVV 

5 ISE MVV All All CME FMCD ISE MVV, CME MVV 

100 

2 TOC TOC All All None 
FMCD, MVV, 

ISE 
MVV, ISE, TOC FMCD, MVV, CME, ISE CME, ISE 

3 MVV, CME All All All None All ISE FMCD, MVV, CME, ISE FMCD, CME 

5 MVV MVV All All None TOC ISE ISE 
FMCD, MVV, 

CME, ISE 

1000 

2 TOC 
FMCD, MVV, 

CME, ISE 
All All None MVV MVV FMCD, MVV, CME, ISE 

FMCD, MVV, 
CME, ISE 

3 TOC 
FMCD, MVV, 

CME 
All All None MVV FMCD, CME FMCD, MVV, CME, ISE 

FMCD, CME, 

ISE 

5 MVV ISE All All None FMCD FMCD, CME All All 

15% 

30 

2 CME All MVV, CME, TOC All None 
FMCD, MVV, 

CME, ISE 
CME ISE MVV 

3 MVV, ISE, TOC FMCD, CME All All None CME FMCD, ISE, TOC CME, ISE, TOC FMCD, ISE 

5 FMCD CME All All None CME, TOC ISE CME All 

100 

2 
FMCD, MVV, 

CME, ISE 
FMCD, MVV TOC All None FMCD FMCD FMCD, MVV, CME, ISE CME, TOC 

3 
FMCD, MVV, 

CME 
FMCD, CME, ISE TOC All None TOC 

FMCD, MVV, 

CME, ISE 
ISE MVV, CME 

5 FMCD 
FMCD, MVV, 

ISE 
All All None 

FMCD, MVV, 
CME, ISE 

CME CME CME 

1000 

2 
FMCD, MVV, 

CME, ISE 

FMCD, MVV, 

CME, ISE 
All All None MVV, CME FMCD All 

FMCD, MVV, 

ISE 

3 MVV 
FMCD, MVV, 

CME, ISE 
All All None CME, ISE 

FMCD, MVV, 
CME, ISE 

MVV All 

5 CME CME All All None 
FMCD, MVV, 

CME, ISE 
MVV CME All 

25% 

30 

2 MVV, CME FMCD, ISE All All FMCD, CME ISE MVV, TOC All FMCD 

3 FMCD, TOC ISE All All ISE FMCD FMCD, MVV FMCD, ISE CME 

5 FMCD TOC CME 
MVV, CME, 

ISE 
ISE CME TOC MVV, CME, ISE, TOC ISE 

100 

2 MVV MVV, CME 
FMCD, MVV, 

CME, ISE 
All 

FMCD, CME, 
ISE 

MVV MVV, CME, ISE FMCD, MVV 
FMCD, MVV, 

CME, ISE 

3 ISE CME All All FMCD MVV, ISE FMCD CME CME 

5 CME FMCD, TOC All All FMCD CME FMCD CME FMCD, MVV 

1000 

2 
FMCD, MVV, 

CME, ISE 

FMCD, MVV, 

CME, ISE 

FMCD, MVV, 

CME, ISE 
All 

FMCD, MVV, 

CME, ISE 

FMCD, MVV, 

CME, ISE 
FMCD, MVV, CME CME 

FMCD, MVV, 

CME, ISE 

3 CME 
FMCD, MVV, 

ISE 
All All 

FMCD, CME, 

ISE 
CME 

FMCD, MVV, 

CME, ISE 
FMCD, MVV, CME, ISE 

FMCD, MVV, 

CME, ISE 

5 CME FMCD, CME All All None CME ISE FMCD, MVV, CME, ISE All 
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Table 10. The best robust estimators for pswamp using Outlier Scenarios 1 and Outlier Scenarios 2. 

  n  p  
Outlier Scenarios 1 Outlier Scenarios 2 

1  2  4  10  1.0  5.0  2  10  25  

5% 

30 

2 All TOC MVV All 
FMCD, CME, 

ISE 
FMCD, CME, 

ISE 
FMCD, MVV, 

CME, TOC 
All FMCD, CME 

3 MVV TOC TOC TOC TOC ISE CME MVV, CME FMCD, CME 

5 ISE TOC MVV, TOC TOC FMCD TOC TOC TOC CME 

100 

2 TOC TOC TOC TOC CME, ISE TOC FMCD, CME TOC FMCD, CME, ISE 

3 FMCD All 
FMCD, MVV,  

ISE, TOC 
TOC FMCD, ISE All FMCD TOC TOC 

5 ISE TOC TOC MVV FMCD 
FMCD, MVV, 

CME, ISE 
TOC TOC TOC 

1000 

2 TOC 
FMCD, MVV, 

CME, ISE 

FMCD, MVV, 

CME, ISE 
TOC TOC TOC TOC TOC TOC 

3 TOC TOC TOC ISE TOC TOC MVV, TOC TOC TOC 

5 TOC TOC All TOC TOC TOC MVV, ISE TOC TOC 

15% 

30 

2 FMCD All MVV, CME, TOC FMCD MVV TOC 
FMCD, MVV, 

ISE 
MVV, CME TOC 

3 CME FMCD, CME FMCD, ISE, TOC All TOC 
FMCD, MVV, 

ISE, TOC 
MVV, CME FMCD, MVV TOC 

5 MVV MVV MVV, ISE TOC ISE MVV CME MVV, TOC All 

100 

2 TOC ISE TOC All TOC 
MVV, CME, 

ISE 

MVV, CME, 

TOC 
TOC FMCD, MVV, ISE 

3 TOC TOC TOC TOC TOC FMCD, ISE TOC FMCD, CME TOC 

5 TOC CME FMCD, CME, ISE MVV MVV TOC TOC TOC FMCD 

1000 

2 TOC 
FMCD, MVV, 

CME, ISE 
TOC 

FMCD, MVV, 
CME, ISE 

TOC TOC 
FMCD, MVV, 

CME, ISE 
FMCD, MVV, 

CME, ISE 
FMCD, MVV, 

TOC 

3 TOC 
FMCD, MVV, 

CME, ISE 
TOC TOC TOC TOC TOC TOC TOC 

5 TOC All TOC TOC TOC TOC TOC TOC TOC 

25% 

30 

2 MVV, CME MVV All All MVV CME FMCD All MVV 

3 FMCD, TOC TOC MVV, CME, ISE All TOC TOC TOC MVV, CME FMCD, MVV, ISE 

5 ISE MVV CME FMCD CME TOC ISE FMCD ISE 

100 

2 TOC FMCD TOC TOC TOC FMCD TOC TOC TOC 

3 CME, TOC CME FMCD ISE CME TOC ISE TOC TOC 

5 TOC FMCD, TOC ISE MVV, ISE TOC TOC TOC ISE ISE 

1000 

2 
FMCD, MVV, 

CME, ISE 

FMCD, MVV, 

CME, ISE 
TOC 

FMCD, MVV, 

CME, ISE 
TOC TOC TOC ISE TOC 

3 TOC 
FMCD, MVV, 

CME, ISE 
TOC TOC TOC TOC TOC TOC TOC 

5 TOC MVV, ISE TOC TOC TOC TOC TOC TOC TOC 
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5. Conclusion 

In this study, the performance of five robust estimators which are FMCD, MVV, CME, ISE and TOC 

are compared. All the robust estimators are the innovation method from FMCD. This study is done to 

investigate further the performance of the latest robust estimator namely TOC for various sample sizes, 

number of variables, percentage of outliers and two different outlier scenarios. From the simulation 

study, results indicate that TOC is considered good when the distance of outliers increase even though 

TOC has the highest value of pmask and most of the value of pswamp are the lowest. This simulation 

study has also shown that the use of TOC is applicable and a promising approach to detect outliers for 

multivariate data especially when the distance between outliers and inliers is large for sample size, 

1000,100,30n and the number of variables, 5,3,2p .Besides that, TOC shows the lowest values 

of pswamp for most of the cases. 
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