
Aziz et al. / https://doi.org/10.22452/josma.vol7no2.2                    Vol 7(2), 16-31. 2025 

 

16 

 

RESEARCH ARTICLE 

 
Sample Size Requirements for the Central Limit Theorem for Skewed 

Distributions: A simulation study 

 
Sinha Aziz1, HM Nayem1 & Dr. B M Golam Kibria2* 

1Graduate Student, Department of Mathematics and Statistics, Florida International University, 

11200 SW 8th Street, Miami, FL 33199, USA 

2Professor, Department of Mathematics and Statistics, Florida International University, 11200 SW 

8th Street, Miami, FL 33199, USA 

*Corresponding author: kibriag@fiu.edu 
 

 
Received 23 July 2025 

Accepted 18 Nov 2025 

Published 26 Dec 2025 

 

 
 

Abstract  

 

The Central Limit Theorem (CLT) plays a foundational role in statistical inference, 

often serving as the rationale for assuming a normal approximation of the sample 

mean. Yet, the pace at which this assumption becomes valid is influenced by the 

shape of the parent distribution, especially its skewness. This research quantifies 

the minimum number of observations required for the mean of samples drawn from 

skewed, non-normal distributions specifically Gamma, Poisson, Binomial, and 

Beta to achieve a satisfactory normal approximation. We implemented a Monte 

Carlo simulation and applied both the Shapiro-Wilk and Kolmogorov-Smirnov 

tests to assess the adequacy of the normal approximation. Results indicate a 

nonlinear association between the degree of skewness and the sample size required 

for acceptable normal approximation. For distributions with mild asymmetry 

(|skewness| < 0.5), 20 samples often suffice, whereas more heavily skewed 

distributions (|skewness| ≥ 2.5) may necessitate sample sizes beyond 100. These 

findings call into question the blanket use of the "n ≥ 30" heuristic and suggest 

more tailored guidelines are necessary for accurate inference. A graphical 

overview summarizes these results across the examined distributional families, 

offering clear guidance for applied researchers working with non-normal data. 
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1. Introduction 

 

The Central Limit Theorem (CLT) is one of the cornerstones of probability theory and statistical 

inference. It posits that, for a sufficiently large sample size, the distribution of the sample mean tends to 

achieve a normal approximation regardless of the shape of the original population distribution, provided 

the population has a finite mean and variance (Casella & Berger, 2002; Rice, 2006). This foundational 

theorem underpins many parametric inferential methods ranging from the construction of confidence 

intervals to hypothesis testing. The CLT enables researchers to draw reliable conclusions from sample 

data even when the underlying distribution is not normal, thereby making it an indispensable tool in 

fields such as economics, psychology, public health, and engineering (Agresti & Finlay, 2009; Hogg et 

al., 2013). 
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However, while the CLT offers powerful theoretical assurances, the rate at which convergence to 

the normal approximation occurs varies significantly based on the characteristics of the parent 

distribution. Specifically, the convergence is influenced by the degree of skewness, kurtosis, and the 

presence of outliers (Lumley et al., 2002; Hogg et al., 2013; Thode, 2002). Distributions with high 

skewness or leptokurtic behavior often require much larger sample sizes for the sample mean to a 

satisfactory normal approximation compared to symmetric or light-tailed distributions (Micceri, 1989; 

Kim, 2013). While the CLT provides asymptotic guarantees, it does not specify the rate of convergence, 

nor does it prescribe the precise sample size at which the normal approximation becomes sufficiently 

accurate for practical applications (Blanca et al., 2013; Kim & Park, 2019). This presents a significant 

challenge for applied researchers who must decide whether parametric methods based on normal 

approximation are valid for their data. 

A commonly cited rule of thumb suggests that a sample size of 30 or more is sufficient for the 

CLT to hold and for the sample mean to achieve an adequate normal approximation (Chang et al., 2006; 

Kwak & Kim, 2017; Field, 2013). This heuristic is often referenced in textbooks and classroom 

instruction as a guideline for employing parametric tests. However, growing empirical evidence 

suggests that this threshold is not universally applicable. For example, Kim (2013) showed that the 

degree of skewness and kurtosis directly impacts the validity of the normal approximation, and that 

sample sizes far exceeding 30 may be necessary in the presence of substantial asymmetry. Similarly, 

Blanca et al. (2013) examined non-normal data in psychological research and reported that commonly 

used sample sizes may not always suffice to justify parametric tests. These findings call into question 

the validity of universally applying the n ≥ 30 rule and emphasize the need for a distribution-specific 

understanding of the CLT’s normal approximation behavior. 

Several prior simulation studies and empirical investigations have explored how quickly the CLT 

yields a reliable normal approximation under different conditions. Ahad et al. (2011) assessed the CLT’s 

validity across Gamma, Exponential, and Chi-square distributions and demonstrated that larger sample 

sizes (𝑛 >  100) were needed for distributions with pronounced skewness. Similarly, Koh   and   Ahad 

(2020) focused on the Beta and Exponential distributions and found that moderate skewness levels could 

delay convergence even beyond 𝑛 =  100. Their findings corroborate earlier results by Micceri (1989), 

who analyzed real-world datasets and concluded that data in education and psychology often deviate 

substantially from normality, rendering CLT-based normal approximations unreliable at conventional 

sample sizes. In addition, Zhang et al. (2015) studied the Poisson distribution and noted that while 

approximation may occur at small sample sizes under high rate parameters (𝜆 >  10), it deteriorates 

significantly at lower values (𝜆 <  5). 

The Poisson and Binomial distributions are of particular practical interest due to their prevalence 

in count data scenarios such as epidemiological studies, defect counts in manufacturing, and response 

rates in surveys. Although they are discrete in nature, these distributions are frequently assumed to 

achieve a normal approximation in large samples. However, convergence behavior is highly parameter-

dependent. Lumley et al. (2002) observed that the Poisson distribution with small rate parameters shows 

slower convergence, while the Binomial distribution behaves similarly when the probability of success 

is close to 0 or 1. The implications are clear: for discrete distributions, the sample size required for a 

satisfactory normal approximation is not just a function of n but also the distribution’s shape, variance, 

and tail behavior (Elliott & Woodward, 2007; Sawilowsky & Blair, 1992). 

A key problem highlighted in the literature is the lack of generalizable, empirically grounded 

guidelines for determining the minimum sample size at which the CLT yields a sufficiently accurate 

normal approximation across various distributions and levels of skewness. While some studies suggest 

heuristics based on specific parameter ranges, there is no universally accepted framework for identifying 

when the sample mean achieves the normal approximation for skewed or kurtotic distributions. 

Furthermore, most standard textbooks and guidelines do not account for the distributional differences 
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or provide tools to empirically test the adequacy of the normal approximation in the sampling 

distribution (Field, 2013; Gravetter & Wallnau, 2012). Even when convergence occurs, the speed and 

quality of the normal approximation can vary enough to materially affect statistical inference-

particularly for small to moderate sample sizes (Razali & Wah, 2011). Given the prevalence of non-

normal data in applied settings, this lack of clarity can result in misguided model choices, invalid test 

statistics, and misleading confidence intervals. 

The motivation for this study arises from this gap in applied statistical practice. While the 

theoretical CLT is well understood, its real-world use frequently involves assumptions that lack 

empirical validation. Existing rules of thumb (e.g., 𝑛 ≥  30) are overly simplistic and fail to 

accommodate the distributional diversity encountered in real-world data. Researchers frequently rely 

on parametric methods without validating the normal approximation for their sample means potentially 

invalidating results. Moreover, previous studies on this topic, though informative, are often narrow in 

scope focusing on a limited number of distributions or specific parameter values. There is a need for a 

comprehensive, simulation-based approach that can examine the convergence behavior of sample means 

across a variety of skewed distributions and under a range of sample sizes. Formal normality tests such 

as Shapiro-Wilk, Kolmogorov-Smirnov, and Anderson-Darling can provide diagnostic insights into the 

suitability of normal approximation in each case (Thode, 2002; Razali & Wah, 2011). Such a framework 

can equip researchers with distribution-specific guidelines that enhance the robustness of statistical 

inferences in small or moderately sized samples. 

This study aims to provide a systematic, simulation-based investigation into the minimum sample 

size required for the sampling distribution of the mean achieve a satisfactory normal approximation 

across a range of skewed distributions. Focusing on the Gamma, Beta, Poisson, and Binomial 

distributions, it examines how varying levels of skewness influence the convergence behavior of the 

sample mean. Using graphical diagnostics and formal normality tests-specifically the Shapiro-Wilk and 

Kolmogorov-Smirnov tests, the study evaluates the adequacy of normal approximation under different 

sample sizes and distributional parameters. The goal is to develop empirically grounded, distribution-

specific guidelines that help researchers determine whether parametric methods based on normality 

assumptions are appropriate, particularly in small to moderate sample size settings. 

While earlier investigations (e.g., Micceri, 1989; Ahad et al., 2011; Koh & Ahad, 2020) evaluated 

the CLT’s validity for a few continuous distributions such as Gamma, Exponential, or Chi-square, this 

study expands the scope by incorporating both continuous (Gamma, Beta) and discrete (Poisson, 

Binomial) distributions within a single, unified simulation framework. Each distribution is examined 

under multiple parameter combinations specifically chosen to represent low, moderate, and high 

skewness levels, thereby enabling a systematic cross-distribution comparison of convergence behavior. 

The analysis covers a wider range of sample sizes (𝑛 = 5 to 200) than prior studies and applies two 

normality criteria (Shapiro-Wilk and Kolmogorov-Smirnov tests) to determine the minimum sample 

size at which the CLT holds. This design not only generalizes earlier findings but also provides 

practically interpretable thresholds that guide researchers on when normal-based inference is reliable 

for skewed or discrete data. By empirically mapping how skewness affects convergence to normality, 

the study bridges a key applied gap in statistics education and research methodology offering 

distribution-specific, data-driven guidance rather than relying on the oversimplified “𝑛 ≥ 30” heuristic. 

 

2. Materials and Methods 

 

This study aims to identify the minimum sample sizes required for the sample mean to exhibit a 

satisfactory normal approximation across distributions with varying skewness. Specifically, we focus 

on the Poisson, Exponential, Gamma, Binomial, and Beta distributions. The assessment of the normal 
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approximation was carried out using two widely adopted statistical tests: the Shapiro-Wilk test and the 

Kolmogorov-Smirnov (KS) test. 

 

2.1 Distributions and Parameters 

 

To investigate the relationship between skewness and the sample size necessary for the CLT to hold, 

we selected four commonly used non-normal distributions Gamma, Poisson, Binomial, and Beta. These 

distributions span a broad range of skewness values and are frequently used in practical statistical 

applications. 

Each distribution's parameters were carefully adjusted to create varying levels of skewness. The 

corresponding probability distributions were used to simulate random samples. The following Table 2.1 

outlines each distribution, their respective functional forms, parameters, domains, and theoretical 

skewness expressions: 

 

Table 2.1: Probability Distributions: PDFs/PMFs, Parameters, Support, and Skewness 

Distribution PDF / PMF Parameters Support Skewness 

Gamma 𝑓(𝑥)  =
1

[𝛤(𝑘)𝜃𝑘] 
 𝑥𝑘−1𝑒

−𝑥

𝜃  
Shape: k > 0 

Scale: θ > 0 
x > 0 

2

√𝑘
 

Binomial 𝑃(𝑋 =  𝑥)  =  (
𝑛

𝑥
) 𝑝𝑥(1 − 𝑝)𝑛−𝑥 n ∈ ℕ, 0 < p <1 𝑥 =  0,1, . . . , 𝑛 

(1 −  2𝑝) 

√[𝑛𝑝(1 − 𝑝)]
 

Poisson 𝑃(𝑋 =  𝑥)  =  
𝑒−𝜆𝜆𝑥

𝑥!
 λ > 0 𝑥 =  0,1,2, . .. 

1

√𝜆
 

Beta 

f(x) = 
1

𝐵(𝛼,𝛽) 
 𝑥𝛼−1(1 − 𝑥)𝛽−1 

where, B(𝛼, 𝛽)=
𝛤(𝛼)𝛤(𝛽)

𝛤(𝛼+𝛽)
 

α, β > 0 0 < x < 1 
[2(𝛽−𝛼)√(𝛼+𝛽+1)] 

√[(𝛼+𝛽+2)√(𝛼𝛽)]
  

 

2.2 Simulation study 
 

A Monte Carlo simulation has been conducted in R to empirically assess how skewness influences the 

sample size required for the sampling distribution of the mean to approach normality. Multiple 

configurations of each distribution were used, with parameters selected to produce varying skewness. 

 

2.2.1 Simulation Technique 

 

The simulation design followed a fully crossed, Monte-Carlo framework in which each distribution 

parameter condition was paired with an ascending grid of sample sizes to trace the point at which the 

CLT provides an adequate normal approximation. For every parameter set-defined by a specific 

combination of distribution family, shape (skewness) and scale parameters-independent random 

samples of size 𝑛 were generated, increasing in steps of five. Specifically, the sample size n increased 

in uniform increments of five, beginning at 𝑛 = 5 and continuing through 𝑛 = 200; that is, 𝑛 =

{5,10,15, … ,200}. This fixed-step progression was chosen to balance computational efficiency with 

resolution in detecting convergence trends. At each 𝑛, 3000 replications were drawn to ensure stable 

estimates of the sampling distribution of the mean; this replication count is commonly recommended 

for Monte-Carlo accuracy in CLT studies (Micceri, 1989; Ahad et al., 2011). The mean of each replicate 

was computed, yielding a distribution of 3000 sample means per 𝑛. This entire loop was repeated for 
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every parameter configuration across the Gamma, Beta, Poisson and Binomial families, thereby 

producing a comprehensive, distribution-specific map of convergence behavior. 

In this simulation, different parameter combinations were selected for each probability 

distribution to generate datasets with varying degrees of skewness. Specifically, parameters were 

systematically adjusted within the Gamma, Beta, Poisson, and Binomial families to represent low, 

moderate, and high skewness conditions. This approach ensured that the simulation captured a broad 

spectrum of distributional shapes, allowing a comprehensive assessment of how increasing asymmetry 

influences the minimum sample size required for the sampling distribution of the mean to achieve 

normal approximation. 

To evaluate whether the resulting distribution of sample means was consistent with normality, 

we employed two complementary goodness-of-fit tests that are widely cited for their sensitivity to 

different departures from normality: 

1. Shapiro-Wilk test-renowned for high power against alternatives driven by skewness or kurtosis 

(Shapiro & Wilk, 1965; Razali & Wah, 2011). 

2. Kolmogorov-Smirnov (K-S) test applied to standardized sample means, using the standard normal 

cumulative distribution as the reference. The K-S statistic is particularly sensitive to global shape 

discrepancies (Massey, 1951; Thode, 2002). 

 

Shapiro-Wilk test 

 

𝑊 =
(∑  𝑛

𝑖=1  𝑎𝑖𝑥(𝑖))
2

∑  𝑛
𝑖=1   (𝑥𝑖 − 𝑥‾)2

 

 

where 𝑥(1) ≤ ⋯ ≤ 𝑥(𝑛) are the order statistics of the sample, 𝑥‾ is the sample mean, and 

ai are fixed weights derived from the expected values and covariance matrix of order statistics from a 

standard normal distribution (Shapiro & Wilk, 1965). A smaller W indicates stronger evidence against 

normality.  

 

Kolmogorov-Smirnov statistic 

 

𝐷 = max
1≤𝑖≤𝑛

 |𝐹𝑛(𝑥𝑖) − 𝐹0(𝑥𝑖)| 

 

where 𝐹𝑛(⋅) is the empirical cumulative distribution function (ECDF) of the standardized sample means, 

and 𝐹0(⋅) is the standard normal CDF (Kolmogorov, 1933; Smirnov, 1948). Larger 𝐷 values signal 

greater divergence from normality. 

For both tests: 𝐻0 : The sampling distribution of the mean is normal vs. 𝐻1 : The distribution is 

not normal. With significance level 𝛼 = 0.05, we fail to reject 𝐻0 when the test 𝑝-value exceeds 0.05. 

A particular sample size 𝑛 was deemed sufficient for the CLT to hold only if both Shapiro-Wilk and K-

S tests failed to reject 𝐻0. The simulation for a given parameter configuration terminated at the first 𝑛 

satisfying this dual acceptance criterion or, if none satisfied it, at 𝑛 = 200. The smallest 𝑛 that met the 

dual-test criterion was recorded as the minimum sample size required for normality under that 

distribution-parameter setting. These minima were then collated into summary tables, organized by 

distribution family and indexed by skewness level, to facilitate direct comparison of convergence 

behavior across conditions. Such empirically derived thresholds provide practitioners with distribution-

specific guidance on when parametric inference predicated on the CLT is warranted (Blanca et al., 2013; 

Kim & Park, 2019). 
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2.2.2 Analytic Strategy  

 

The analysis is conducted based on two normality tests: the Shapiro-Wilk (SW) and Kolmogorov-

Smirnov (KS) tests, with a significance level of 0.05. The primary focus is on how skewness influences 

the sample size required for the Central Limit Theorem (CLT) to hold. 

 

3. Results Discussion 

 

This section presents the simulation results for estimating the minimum sample size required to 

approximate the Gamma, Binomial, Poisson, and Beta distributions. Simulation was used because 

theoretical comparison is challenging, and later, real-life data was also employed to validate and 

compare the simulation outcomes. 

 

3.1 Results for Gamma Distribution 

 

The scale parameter of Gamma distribution which is 𝜃 equal to 1 is set as fixed. The generated sample 

data are tested with two normality test methods as set in R. 

 

Table 3.1: Normality Tests for Gamma Distribution, 𝜶 = 𝟎. 𝟎𝟓 

Skewness Minimum Sample Size Shapiro p-value KS p-value Shape (k) 

0.6667 15 0.8637 0.8564 9.0000 

0.6984 20 0.0929 0.7181 8.2000 

0.7071 20 0.4245 0.9872 8.0000 

0.7845 25 0.1758 0.9098 6.5000 

0.8305 25 0.6805 0.9912 5.8000 

0.8944 30 0.1133 0.3844 5.0000 

1.1547 45 0.1158 0.6805 3.0000 

1.2172 30 0.0773 0.8642 2.7000 

1.2403 35 0.2263 0.6868 2.6000 

1.4142 35 0.1640 0.6933 2.0000 

1.4907 65 0.0670 0.1214 1.8000 

1.6330 60 0.0874 0.8088 1.5000 

2.0000 75 0.1414 0.2891 1.0000 

2.1082 75 0.1137 0.9591 0.9000 

2.2361 85 0.2055 0.4730 0.8000 

 

Table 3.1 presents the simulation results for the Gamma distribution, where the scale parameter was 

fixed at 1, and the shape parameter (k) was varied to manipulate the degree of skewness. The analysis 

examines how skewness affects the minimum sample size required for the sampling distribution of the 

mean to approximate normality, as assessed by both the Shapiro–Wilk (SW) and Kolmogorov–Smirnov 

(KS) tests at a significance level of 0.05. The results clearly indicate a strong and systematic relationship 

between the degree of skewness in the underlying distribution and the rate of convergence to normality. 

Specifically, as the shape parameter decreases (i.e., as skewness increases), the minimum sample size 

required to pass both normality tests increases substantially. 

For low levels of skewness (≤  0.7), the sampling distribution of the mean approaches normality 

with relatively small sample sizes (typically 15-20 observations). However, for moderate skewness 

levels (approximately 1.0 to 1.5), sample sizes in the range of 30 to 60 are needed to meet the normality 
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criteria. In cases of high skewness (≥  2.0), the required sample size rises sharply, with at least 75 to 

85 observations necessary for the sample mean to be considered approximately normal. These results 

illustrate that there is no fixed or universally applicable minimum sample size at which the CLT 

guarantees normality of the sample mean; rather, the appropriate sample size is distribution-specific and 

must account for underlying skewness. 

These findings are consistent with previous studies that have examined the effect of skewness on 

the applicability of the CLT. Ahad et al. (2011) reported that the Gamma distribution required 

progressively larger sample sizes for the sample mean to converge to normality as skewness increased, 

with required values exceeding n = 100 for highly skewed parameter configurations. Similarly, Koh and 

Ahad (2020) found through simulation that Gamma and Exponential distributions with higher skewness 

demanded substantially greater sample sizes for the sampling distribution of the mean to pass normality 

tests. The present results reaffirm such observations and highlight a crucial practical implication: 

commonly cited rules of thumb such as “𝑛 ≥  30” can be misleading and inadequate when applied to 

non-normal or highly skewed data. Instead, skewness should be explicitly evaluated when assessing 

whether the assumption of normality for the sample mean is tenable. 

 

3.2 Results for Poisson Distribution 

 

Table 3.2:  Normality Tests for Poisson Distribution, 𝜶 = 𝟎. 𝟎𝟓 

Skewness Minimum Sample Size Shapiro p-value KS p-value λ 

0.3162 10 0.0805 0.1837 10.0000 

0.3558 10 0.0515 0.1187 7.9000 

0.3536 15 0.3514 0.2975 8.0000 

0.4472 15 0.0751 0.0806 5.0000 

0.5241 15 0.0767 0.1175 3.6400 

0.5455 25 0.0698 0.0706 3.3600 

0.6325 30 0.0853 0.0688 2.5000 

0.7670 40 0.0624 0.1005 1.7000 

0.7906 40 0.1065 0.1074 1.6000 

0.8165 40 0.0833 0.0807 1.5000 

1.1180 50 0.0894 0.0776 0.8000 

1.0000 85 0.0826 0.1143 1.0000 

1.2910 90 0.0949 0.0773 0.6000 

1.4142 85 0.0684 0.0804 0.5000 

1.1952 105 0.0751 0.0926 0.7000 

 

Table 3.2 presents the simulation results for the Poisson distribution, focusing on how increasing 

skewness, governed by the rate parameter 𝜆, influences the minimum sample size required for the 

sampling distribution of the mean to approximate normality. The Poisson distribution's skewness is 

inversely related to its mean; specifically, skewness is defined as Skewness = 𝜆−0.5, implying that lower 

values of 𝜆 produce greater asymmetry (Lumley et al., 2002; Zhang et al., 2015). This makes the Poisson 

distribution an ideal candidate for examining the CLT under varying conditions of discrete skewed data. 

As expected under the CLT, the rate of convergence to normality improves with increasing 𝜆, which 

corresponds to decreasing skewness. For low-skewed Poisson distributions-specifically, when 𝜆 ≥ 5, 

corresponding to skewness values between approximately 0.32 and 0.45, the simulation results show 

that relatively small sample sizes (𝑛 = 10 − 15) are sufficient for the sample mean to pass both 
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normality tests. This indicates that, in these conditions, the sample mean exhibits near-normal behavior 

even in small samples. 

However, as skewness increases-driven by decreasing 𝜆 values-the sample size required for 

normality grows significantly. For moderately skewed distributions (i.e., 0.5 ≤ skewness ≤ 0.8, 

corresponding to 𝜆 between 1.5 and 3.5), the required sample size rises to approximately 25-40 to 

achieve convergence as measured by both the SW and KS tests. This trend becomes more pronounced 

in the highly skewed region, where skewness exceeds 1.0. For example, when 𝜆 = 0.5, the skewness 

reaches approximately 1.4142, and the simulation reveals that at least 85 observations are needed for 

the sampling distribution of the mean to be accepted as approximately normal. Similarly, for skewness 

levels in the range of 1.2 − 1.3 (e.g., 𝜆 = 0.6 − 0.7), the required sample size remains high-between 85 

and 105-to meet the dual normality criteria. 

These findings confirm that the convergence of the sample mean to normality under the CLT is 

substantially slower for Poisson distributions with low 𝜆 (i.e., high skewness). This result aligns with 

prior literature demonstrating that discrete distributions with strong asymmetry require large sample 

sizes for the CLT approximation to hold (Lumley et al., 2002; Zhang et al., 2015; Ahad et al., 2011). 

Notably, these results further challenge the validity of the commonly used heuristic that "𝑛 ≥ 30" is 

sufficient for the CLT, especially when applied indiscriminately across distributions. In practical terms, 

this suggests that researchers and practitioners must explicitly account for the skewness inherent in their 

data when determining appropriate sample sizes for parametric inference. Simply relying on traditional 

rules of thumb without reference to distributional properties may result in misleading conclusions, 

particularly when working with count data or rare events, which often follow highly skewed Poisson 

processes. 

 

3.3 Results for Binomial Distribution 

 

Table 3.3: Normality Tests for Binomial Distribution, 𝜶 = 𝟎. 𝟎𝟓 

Skewness Minimum Sample Size Shapiro p-value KS p-value Size p 

-0.2739 10 0.0521 0.0746 30 0.8000 

-0.0592 10 0.0832 0.0890 30 0.5800 

-0.2869 15 0.0977 0.1428 20 0.7700 

-0.2723 15 0.2517 0.1980 20 0.7600 

-0.1320 15 0.3411 0.4105 30 0.6700 

0.2739 15 0.0977 0.1854 30 0.2000 

0.3354 15 0.1052 0.1561 20 0.2000 

0.1952 20 0.0985 0.0585 20 0.3000 

-0.2760 25 0.0971 0.2093 10 0.7000 

-0.1291 30 0.4001 0.3429 10 0.6000 

0.1291 30 0.0520 0.1202 10 0.4000 

0.2760 30 0.0526 0.1132 10 0.3000 

0.4743 60 0.2701 0.1827 10 0.2000 

0.8433 65 0.1688 0.1124 10 0.1000 

-0.7396 75 0.3051 0.1900 10 0.8800 

 

Table 3.3 summarizes the simulation results for the Binomial distribution, demonstrating how varying 

degrees of skewness governed by the number of trials (size) and the probability of success (p) influence 

the minimum sample size required for the sampling distribution of the mean to approximate normality. 

The skewness of the Binomial distribution is a function of both the shape and asymmetry of the 
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distribution. As such, the skewness becomes positive when 𝑝 < 0.5 and negative when 𝑝 > 0.5, with 

the distribution being symmetric when 𝑝 = 0.5 (Zhang et al., 2015; Rice, 2006). This unique property 

allows for a balanced exploration of how both positive and negative skewness affect the behavior of the 

CLT in discrete bounded distributions. 

The simulation results reveal that the rate of convergence to normality is relatively fast for 

symmetrical or mildly skewed binomial distributions. For instance, when the skewness remains within 

the range of ±0.3, which typically occurs when 𝑝 is near 0.5 and 𝑛 is moderate (e.g., 𝑛 = 10, 𝑝 = 0.4 

or 0.6), sample sizes as small as 10-15 were sufficient for the sampling distribution of the mean to pass 

both the Shapiro-Wilk and Kolmogorov-Smirnov normality tests at the 0.05 significance level. This 

aligns with previous findings that discrete symmetric distributions such as the binomial with 𝑝 = 0.5 

exhibit rapid convergence of the sample mean to a normal distribution, even at modest sample sizes 

(Zhang et al., 2015; Lumley et al., 2002). 

In cases of moderate skewness (e.g., around ±0.47, such as with 𝑝 = 0.2 or 0.8 and 𝑛 = 10), 

larger sample sizes of approximately 50 to 60 were needed to achieve normality. For highly skewed 

binomial distributions, such as those with 𝑝 = 0.1 or 0.88 and a small number of trials (𝑛 = 10), the 

skewness exceeds ±0.7, and the results indicate that at least 65 to 75 observations are required for the 

sampling distribution of the mean to conform to the normal model. Importantly, the simulation reveals 

a near symmetrical pattern in convergence behavior: positively and negatively skewed parameter 

configurations exhibit similar sample size thresholds, suggesting that the magnitude rather than the 

direction of skewness primarily governs the convergence rate. 

These results reinforce the principle that the CLT applies most efficiently to binomial 

distributions that are symmetric or only mildly skewed, allowing for reliable normal approximations 

even in small samples. However, when the distribution is highly skewed due to extreme probability 

values or small trial counts, substantially larger samples are necessary to ensure that parametric methods 

relying on normality assumptions are valid. The findings highlight the limitations of applying universal 

sample size heuristics, such as “𝑛 ≥ 30” across all binomial configurations. Instead, practitioners must 

carefully evaluate the skewness introduced by their choice of p and n and adjust their sample size 

expectations accordingly to uphold statistical rigor in inference. 

 

3.4 Results for Beta Distribution 

 

Table 3.4: Normality Tests for Beta Distribution, 𝜶 = 𝟎. 𝟎𝟓 

Skewness Minimum Sample Size Shapiro p-value KS p-value α   β 

-0.0820 5 0.5561 0.7088 4.0000 3.5000 

0.3911 5 0.0731 0.2727 4.0000 8.5000 

-0.4340 5 0.1063 0.7144 5.0000 2.5000 

-0.3098 5 0.3754 0.9668 5.0000 3.0000 

0.4825 10 0.1116 0.8090 3.0000 7.0000 

1.0000 15 0.0582 0.4532 0.5000 1.5000 

-0.5657 20 0.6681 0.9901 2.0000 1.0000 

1.3613 25 0.0601 0.6460 0.7300 4.0000 

-1.2257 35 0.1911 0.8172 2.0000 0.5100 

-1.9660 50 0.0788 0.4087 3.5000 0.4000 

1.5149 65 0.1007 0.4540 0.7200 5.0000 

2.8645 105 0.4022 0.9330 0.3000 7.0000 

-3.1252 105 0.0569 0.9619 4.0000 0.2000 

3.1252 110 0.0563 0.9091 0.2000 4.0000 

2.6389 150 0.0906 0.9444 0.3000 5.0000 
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Table 3.4 presents the simulation results for the Beta distribution, which is widely recognized for 

its flexibility in modeling a range of distributional shapes due to the influence of its two shape 

parameters, α and β. Depending on the combination of these parameters, the Beta distribution can be 

symmetric, positively skewed, or negatively skewed. This simulation investigates how varying degrees 

of skewness impact the minimum sample size required for the sampling distribution of the mean to 

approximate normality, based on the Shapiro-Wilk and Kolmogorov-Smirnov tests applied at the 0.05 

significance level. 

For Beta distributions that are approximately symmetric or only mildly skewed with skewness 

values between –0.4 and +0.4 the mean demonstrates rapid convergence to normality. In these cases, 

very small sample sizes, typically between 5 and 10, were sufficient for the sample mean to pass both 

normality tests. As skewness increases, whether in the positive or negative direction, the sample size 

required to achieve a normal approximation increases substantially. For distributions with moderate 

skewness, around ±1.0 to ±1.5, sample sizes between 15 and 65 were necessary for the mean to 

approximate a normal distribution. 

In cases of extreme skewness, where skewness values exceed ±2.5, the minimum required sample size 

rises considerably. For instance, in Beta distributions where the skewness was around ±3.1252, a sample 

size of 105 to 110 or more was needed for the sampling distribution of the mean to pass the normality 

tests. These results indicate a clear relationship between the magnitude of skewness and the rate at which 

the CLT holds for the mean, even for bounded distributions such as the Beta. 

The simulation also shows that the direction of skewness does not substantially alter the required 

sample size. Distributions with equivalent skewness magnitude but opposite direction (e.g., 𝛼 = 4, 𝛽 =

0.2 versus 𝛼 = 0.2, 𝛽 = 4) demonstrated similar convergence behavior in terms of required sample size. 

This suggests that the extent of asymmetry, rather than its direction, is the more critical factor in 

determining how quickly the sampling distribution of the mean approximates normality. 

These results emphasize the importance of considering distributional shape when determining 

sample size for inferential statistics. While smaller samples may be sufficient for symmetric or lightly 

skewed data, substantially larger samples are needed for highly skewed distributions to justify the use 

of parametric methods that rely on normality assumptions. In applied settings where the Beta 

distribution is often used such as in proportion data, rates, and bounded outcomes such sample size 

considerations are critical for ensuring valid statistical inference. 

 

 
Figure 1. Visualization of Skewness Effect on Required Sample Size 
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Figure 1 provides a comprehensive visual summary of the relationship between absolute 

skewness and the minimum sample size required for the sampling distribution of the mean to 

approximate normality. The figure synthesizes simulation results across four distinct probability 

distributions Beta, Binomial, Gamma, and Poisson each representing different combinations of 

distributional shape, support, and discreteness. The x-axis displays the absolute value of skewness, 

allowing for a unified analysis regardless of the direction of asymmetry, while the y-axis represents the 

minimum sample size at which both the Shapiro-Wilk and Kolmogorov-Smirnov tests fail to reject the 

null hypothesis of normality at the 0.05 significance level. 

Each data point corresponds to a specific parameter configuration from the simulation, and points 

are color-coded by distribution to facilitate interpretation. Smoothed trend lines are included for each 

distributional family to capture the general pattern of how required sample size changes with increasing 

skewness. 

The figure reveals a clear positive nonlinear relationship between skewness and the sample size 

required for satisfactory normal approximation. As the absolute skewness increases, the minimum 

sample size needed for the sample mean to achieve the normal approximation rises substantially, 

supporting the theoretical expectation that convergence under the CLT slows in the presence of 

asymmetry. Among the distributions, the Gamma distribution exhibits a gradual and monotonic increase 

in required sample size, following a smooth, predictable curve. In contrast, the Beta distribution (red) 

displays a sharper and steeper increase, particularly for cases with extreme skewness (i.e., >  2.0), 

where the required sample size exceeds the upper bound of the simulation range. These cases are 

visually capped at 𝑦 =  210 to indicate that convergence had not occurred even at the highest simulated 

sample size. 

The Poisson and Binomial distributions exhibit more irregular and nonlinear patterns, which may 

be attributed to their discrete nature and the interaction between their defining parameters (e.g., 

probability and size in Binomial; rate in Poisson). Despite this variability, both distributions show a 

general upward trend, with lower-skewed configurations (e.g., skewness <  0.5) achieving the normal 

approximation with relatively small sample sizes (5-20). This reinforces the understanding that the CLT 

applies more quickly in near-symmetric settings. 

 

4. Application 

 

To complement the findings from the simulation study, an analysis was conducted using a real-world 

dataset to assess the implications of skewness on the applicability of the CLT in practical settings. The 

dataset selected for this purpose is the, publicly available on Kaggle (Arun Jangir & Willian Oliveira, 

2023). This dataset contains records for 1,338 individuals residing in the United States and includes a 

variety of demographic and behavioral attributes, such as age, body mass index (BMI), smoking status, 

region, sex, and most notably, medical insurance charges the variable of primary interest in this analysis. 

The charges variable, which reflects each individual's annual medical expenses, is known to be 

highly right-skewed, making it a suitable candidate for evaluating the robustness of the CLT in the 

context of skewed empirical data. Preliminary exploratory analysis, including a histogram and summary 

statistics, confirmed a pronounced skew in the distribution. The range of charges spans from 

approximately $1,122 to over $63,000, with a strong concentration of observations in the lower range 

and a long right tail. 

To quantify the asymmetry, sample skewness was calculated and found to be 1.51, indicating a 

substantial departure from symmetry. This level of skewness falls within the range identified in the 

simulation study as requiring moderate to large sample sizes for the sample mean to exhibit a 

satisfactory normal approximation. Therefore, this dataset provides a meaningful real-world illustration 
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of the simulation findings, allowing for empirical validation of the relationship between skewness and 

the convergence behavior of the sample mean. 

 

 
Figure 2. Histogram of Medical Charges   

 

To empirically determine the minimum sample size required for the sample mean of annual 

medical charges to achieve normal approximation, a Monte Carlo simulation was conducted using 

bootstrap resampling techniques. Specifically, for each sample size 𝑛 = 10,20, … ,300, a total of 1,000 

bootstrap samples were drawn with replacement from the original dataset, and the sample mean was 

computed for each replicate. The resulting distribution of sample means for each value of n was 

subjected to formal normality tests, namely the Shapiro-Wilk and Kolmogorov-Smirnov tests. A 

significant level of α=0.05 was employed, and the proportion of simulations that failed to reject the null 

hypothesis of normal approximation was recorded at each sample size. 

 

 
Figure 3. Normal Q-Q Plot 

 

The results revealed that when the sample size reached 𝑛 = 60, both normality tests consistently 

failed to reject the null hypothesis, indicating that the sampling distribution of the mean provided a 

sufficiently accurate normal approximation. Despite the strong right skewness (Figure 2) of the original 
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charges variable (skewness = 1.51), these findings suggest that the CLT begins to take practical effect 

at moderate sample sizes in real-world data scenarios. Additional visual diagnostics at the 𝑛 = 60 

threshold supported these statistical results: the Q–Q plot (Figure 3) of the sample means exhibited near-

linear alignment with the theoretical normal distribution, and the corresponding histogram demonstrated 

a bell-shaped curve characteristic of the normal approximation (Figure 4). The real-world figures 

(histogram and Q–Q plot in Figures 3 and 4) were generated from the same set of bootstrap resamples 

used for the normality tests at the selected sample size (𝑛 =  60), ensuring consistency between the 

statistical evaluation and visual diagnostics, and they were independent of the earlier parametric 

simulation runs. 

The sample size requirement observed in this empirical setting closely mirrors the simulation 

findings for Gamma distributions with comparable levels of skewness, further validating the broader 

conclusion that higher skewness necessitates larger samples for the sample mean to conform to the 

normal approximation. However, unlike controlled simulations, real-world datasets often contain 

additional complexities such as outliers, heteroscedasticity, and data irregularities, which may impact 

convergence behavior. Thus, conducting empirical resampling-based assessments remains a critical step 

in determining the appropriateness of parametric inference in applied research contexts involving 

skewed data. 

 

 
Figure 4. Sampling Distribution 

 

5. Conclusions and Future Research 

 

5.1 Conclusions 

 

This study systematically examined the relationship between skewness in a population distribution and 

the minimum sample size required for the sampling distribution of the mean to achieve a satisfactory 

normal approximation, as prescribed by the Central Limit Theorem (CLT). Using extensive Monte 

Carlo simulations, we evaluated four commonly encountered skewed distributions: Gamma, Poisson, 

Binomial, and Beta, assessed convergence to the normal approximation through two established tests: 

Shapiro–Wilk and Kolmogorov–Smirnov, each conducted at a 5% significance level. 

The results demonstrated a clear and consistent trend: as skewness increases, a larger sample size 

is required for the sample mean to achieve a reliable normal approximation. However, the rate of 

increase and threshold varied by distributional form. For example, in the Gamma distribution, only 15 
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samples were needed under low skewness, but more than 75 were required when skewness exceeded 

2.0. The Poisson distribution showed similarly sharp increases, with sample size requirements rising 

from 10 to over 100 as skewness grew. In the Binomial distribution, symmetric and mildly skewed 

configurations required relatively small samples (10-15), but higher skewness values (±0.7 or more) 

necessitated 65-75 observations. The Beta distribution, due to its extreme flexibility in shape, required 

over 100 observations when skewness surpassed ±3.0, indicating a slower convergence to the normal 

approximation than the other distributions. 

These findings were further supported by an analysis of a real-world dataset the Healthcare 

Insurance dataset which contains highly skewed medical expense data. Bootstrap-based simulation 

revealed that the sample mean of charges achieved a satisfactory normal approximation at a sample size 

of n = 60, confirming the simulation trends observed for distributions with similar skewness levels. This 

empirical validation reinforces the practical significance of accounting for skewness when applying the 

CLT to real-world problems. 

In sum, this study highlights that rules of thumb, such as assuming 𝑛 ≥  30 is sufficient for a normal 

approximation, may be overly simplistic and potentially misleading when applied to skewed 

distributions. The simulation results, combined with real-world validation, suggest that researchers and 

practitioners must assess distributional characteristics, especially skewness, when planning studies or 

making statistical inferences that rely on the normal approximation of the sample mean. By doing so, 

one can ensure more accurate conclusions and avoid violations of underlying assumptions that could 

compromise statistical validity. 

 

5.2 Future Research 

 

Building on these findings, future research may investigate how dependencies among observations, 

outliers, or heteroscedasticity influence convergence to the normal approximation. Additionally, 

exploring the performance of other estimators such as medians, trimmed means, or variance estimates 

under similar conditions could offer further insight into robust statistical inference. Expanding the 

analysis to include non-iid data, transformation-based approaches, or Bayesian frameworks may also 

enhance our understanding of inference under skewness. Future studies might also explore 

transformation techniques (e.g., Box–Cox) or nonparametric methods as alternative pathways when 

normal approximation fail, providing flexibility for distributions that resist the normal approximation. 

Ultimately, the development of automated, data-driven diagnostic tools to assess normal approximation 

requirements could help guide sample size decisions in practice, ensuring that the Central Limit 

Theorem is applied judiciously and effectively in real-world settings. 
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