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ABSTRACT       For  vert i ces x and  y in  a connect ed  graph G  o f order  n ,  the d ist anc e 
d (x,y)  i s the l ength of a shortest  x -y  path .  An x-y  path  of len gth  d(x,y)  i s  cal led an x -y  
geodesic.  The cl osed  in terval  I[x ,y]  consists  of al l  ver t i ces l ying on  some x -y  geod esi c of  
G ,  whi le for  S V , I[S]  =  

Syx

yxI
,

, .  A set  S  of vert ices i n  G  i s cal led  a d ou ble geodet i c 

set  of G i f for  each  pair of  vert i ces x ,y  there exist  vert ices u , vS  su ch  that  x, yI[u , v] .  
The d ou ble geod et ic number  dg (G)  i s  the minimu m cardinal i t y of a double geodet ic  set .  
Any double geod et ic set  of card inal i t y dg (G) i s  cal led  dg -set  o f G .  A doubl e geodet ic set  
in  a connect ed  graph G  i s  cal led  a mini mal  dou ble geodet ic set  i f n o proper  subset  of S  i s  
a d ou ble  geodet ic  set  of G .  Th e upper  d ou bl e geodet i c number  dg+(G) of  G  i s  th e 
maxi mum card inal i t y of a mini mal  double geodet ic set  of G .  The u pper  dou bl e geod et i c 
number s of cer t ain  standard graphs ar e obtain ed.  It  i s  proved that  for  a conn ect ed graph G  
o f order  n ,  dg (G)  = n  i f and onl y i f dg+(G)  = n .  It  i s  also proved that  dg (G)  = 1n  i f an d  
onl y i f dg+(G)  = 1n  for a non-compl ete gr aph G  o f order  n  having a vertex of d egree 

1n .  For  every two posi t i ve in teger s a  and b ,  where  2  ≤ a  ≤ b ,  there exi sts  a connected  
graph G with  dg (G)  = a  and  dg+(G)  = b .  

  
(Keywords:  doubl e geod et i c set ,  doubl e geod et ic nu mber,  u pper  doubl e geod et ic set ,  
upper  dou bl e geodet ic nu mber)   

INTRODUCTION 

 

By a graph G = (V,  E) ,  we mean a fini te 
undirected  conn ected  graph  without  
loops or  mul t iple edges.  The order  and  
size of G  ar e den ot ed  by n and m,  
respect i vel y.  F or  basic gr aph theoret i c 
terminology,  we refe r  to Harary [4] .  A 
vertex v i s  said  t o l ie on  an  x-y geodesic  
P i f v i s  a ve rt ex of P including the 
vert ices x  and y.  For any vertex  u of G,  
the eccentrici ty of u  i s  e(u )  = max{d (u,  
v)  :  vV}.  A vertex  v is  an eccentri c 
vertex o f u  i f e(u )  = d(u,  v) .  Th e radius  
rad  G and diameter diam G of G are 
defined  by rad  G  = min{e(v)  :  v  V} and 
diam  G  = max {e(v)  :  v V},   
respect i vel y.  Th e neighborhood  of a  

 

 

ver tex v  i s  the set  N(v)  consist in g of al l  
ver t ices u  which  ar e  ad j acent  wi th v .  A  
vertex v is  an  extreme vert ex o f G  i f the 
subgraph induced by i ts  nei gh bors i s  
compl ete.  Weak extreme vert ices ar e 
in t roduced in [8] .  A vertex v  in  a 
connected  graph G is  cal led a wea k 
extreme vertex  i f  ther e exists  a  vert ex  u  
in  G  such  that  u ,  vI[x,y]  for  a pair  of  
vert ices x,  y in G ,  then  v = x or v =  y.  It  
i s  observed  that  each  extr eme vert ex of a 
gr aph is  weak extr eme.  For  the gr aph G  
in  Figure 1,  i t  i s clear  that  the pair  v 2 ,  v5  
l ies only on  the v2  –  v 5  geodesic  and  so 
v2  and v 5  ar e weak extreme vert ices of G .  
It  i s  easi l y seen  that  each vert ex of G  i s  
weak extreme.   
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Figure 1 

 
 
The closed  interval  I[x,  y]  consists  of al l  
ver t ices l yin g on some  
x-y geodesi c of G ,  whi le for  SV,  I [S ]  = 

 
Syx

yxI
,

, .  A set  S of vert ices is  a 

geodet ic set  i f I[S]  = V,  and the 
mini mu m cardinal i t y of  a geod et ic set  i s  
the geodet ic nu mber g(G) .  A geodet ic set  
of cardin al i ty g (G) i s cal led  a g-set  of G .  
A geodet ic set  S in  a  connected graph G  
i s  a minimal  geodet ic set  i f no proper  
subset  of S i s  a geodet ic set  of G .  Th e 
upper geodet ic number g +(G)  of G  i s  the 
maxi mum card inal i t y of a mini mal  
geodet ic set  of G .  Th e geodet ic number  
of a gr aph was in t roduced in [1 ,  5] and 
further  studied  in [2,  3,  6 ] .  It  was shown 
in  [5]  that  determinin g the geod et i c 
number of  a graph  is  an NP -hard  
problem.   

 

A set  S  o f  ve rt ices in  G  i s  cal led a  
double geod et ic set  o f G  i f  for  each  pair  
of ve rt ices x,  y  ther e exist  vert i ces u ,v  in  
S  such  that  x ,  y    I[u ,v] .  The doubl e 
geodet ic  number  dg(G)  i s the mi ni mum 
card inal i t y of a doubl e geodet ic  set .  An y 
dou ble  geod et ic set  of  card inal i t y dg(G)  
i s  cal led dg -set  o f G .  A dou bl e geod et i c 
set  in  a connect ed  graph G  i s  cal led a  
minimal  double geodet i c set  i f n o proper  
subset  of  S  i s  a double geod et ic se t  of G .  
The upp er double geodet i c numb er  
dg+(G)  of G  i s  the maxi mum cardin al i t y 
of a mini mal  double geodet ic set  of G .  
The d ou bl e geodet ic nu mber of gr aph 
was i nt roduced and  studied in  [8] .  A 
detai led study of double geod et ic number  
of a graph is  found in [8] .  The fol lowin g 
theorems wil l  be used  in  the sequel .  

Theorem 1.1 .  [3]  Every geodet i c set  of a 
graph G cont ains i t s ext reme vert i ces.  In  
part icular ,  i f the set  of extreme ve rt ices  

S  o f G  i s  a geodet ic set  of G ,  then S i s  
the uni que mini mum geodet ic set  of G .     

Theorem l . 2.  [3]  Let  G  be  a  conn ected  
graph with  a cu t vert ex v.  Th en every 
geodet ic set  of G contains at  least  on e 
vertex from each component  of vG  .  

Theorem 1.3 .  [8]  No cut vertex of a 
connected  graph  of G bel on gs t o an y 
mini mu m double geod et ic set  of G.  

Theorem 1.4 .  [8]  Every d ou bl e geod et ic 
set  of a connect ed graph G  contains al l  
the weak extreme vert ices of G .  In  
part icu lar ,  i f the set  W of al l  weak 
extreme vert ices is  a d ou ble geodet ic set ,  
then  W i s  the unique dg-set  of G .  

Theorem 1 .5.  [8]  For  the compl ete 
bi part i te  graph  G  = K m ,n (m, n ≥  2),  dg(G)  
= min{m,n} .  

The Upper Double G eodetic Numb er of  
a Graph  

 
Defi nit i on 2.1 .  A double geodet ic set  in 
a conn ect ed graph G  i s  cal l ed  a minimal  
double geodet ic set  i f n o proper su bset  of  
S  i s  a double geod et i c set  of G .  Th e 
upper double g eodet i c number  dg+(G)  of  
G  i s the maxi mum cardinal i ty of a 
mini mal  d ou ble geodet ic set  of G .    

 

Exampl e 2.2 .  For  the gr aph G  in  Figure 
2 .1 S  = {v 2 ,  v4} i s  a double  geod et ic set  
of G so that  dg (G)  = 2.  The set  S   = {v1 ,  
v3 ,  v5} is  a d ou ble geod et ic set  of G  and  
i t  i s  clear  that  n o proper  su bset  of S   i s  a 
dou ble  geod et ic set  of G  and so S   i s  a 
mini mal  doubl e geodet i c set  of  G .  It  i s  
easi l y veri fied  that  no 4-element  subset  
i s  a mini mal  doubl e geodet i c set  and  so 
dg+(G)  = 3 .  

v1 

v2 

v3 
v5 v4 

v6 
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Figure 2 .1 

Remark 2 .3.  Every minimum doubl e 
geodet ic  set  of  G  is  a  minimal  doubl e 
geodet ic  set  of  G and th e converse need  
not  be true.  For the g raph G gi ven in  
Figure 2.1 ,  S   = {v1 ,  v3 ,  v5} i s  a minimal  
double geodet ic  set  but  not  a  minimum 
double geodet ic set  o f  G.   

 

Theorem 2 .4.  For a  conn ect ed graph G 
of  order n ,  2 ≤  dg (G)  ≤ dg+(G)  ≤ n .   

Proof  .  Any double geod et ic set  need s at  
least  two vert ices and  so dg(G)  ≥  2.  
Since every mini mal  double geodet i c set  
i s  doubl e geodet ic set ,  dg(G)  ≤ dg +(G) .  
Thus 2 ≤  dg (G)  ≤  dg +(G)  ≤  n.                                                  
      

Remark 2.5 .  Th e bounds i n Theorem 2 .4  
are sharp.  For  any non-t ri vi al  path  P,  
dg(P)  = 2.  It  fol lows from Theorem 1 .3  
that  dg (T)  = dg+(T )  for  an y t r ee T  and  
dg+(Kn )  = n,  (n≥2) Also,  al l  the 
inequal i t ies in the th eorem are st ri ct .  F or  
the compl ete bipart i te graph  = K r ,s  (3  ≤ r  
< s) ,  dg (G)  = r,dg+(G)  = s  and  n = r + s .  
(See Theorems 1.5  and  2.14)  

 

Theorem 2 .6 .  For a connect ed  graph G,  
dg(G) = n  i f and only if   dg +(G) = n.  

Proof .  Let  dg +(G)  = n .  Then th e vertex 
set  V i s  the uni que mini mal  d ou bl e 
geodet ic  set  of G. Sin ce  no proper  subset  
of V i s  a d ou ble geodet ic set ,  i t  i s clear  
that  V i s  also the unique mini mu m d ou bl e 
geodet ic set  of G and so dg (G) = n .  Th e 
con ver se fol l ows from  
Theorem 2 .4 .   

For  the  complet e gr aph G=Kn ,  i t  i s clear  
that  dg(G)  = n.  Hence we have the 
fol l owing corol lary.  

.     

 

Corol lary 2.7 .  For th e complet e graph G 
= Kn  (n ≥ 2 ) ,  dg+(G)  = n.  

However,  a non-complet e graph G of  
order  n can  have  dg(G)  = dg+(G)  = n.  
For  the gr aph G gi ven  in Fi gure 1 ,  al l  the 
vert ices ar e weak extr eme and so i t  
fol l ows from Theorem 1 .4 that  dg (G)  = 
dg+(G)= 6 .  

 

Theorem 2.8 .  If  G is  a connect ed  graph 
o f  order n  wi th  dg (G)  = 1n ,  then 
dg+(G)  = 1n .  

Proof .  Since dg(G)  = 1n ,  i t  fol l ows  
from Theorem 2 .4 that  dg +(G)  = n or  
dg+(G)  =  1n .  It  fol l ows  from Th eorem 
2 .6 that  dg +(G)  = 1n .   
       

A vertex in a gr aph G of ord er  n i s  cal led  

a ful l  degree vertex i f i t s  degree is  n 1 

 

Theorem 2 .9.  Let  G b e a non-compl ete 
connected  graph.  Then a fu l l  degree 
vertex does not  belong to  any minimal  
double geodet ic set  o f  G 

Proof .  Let  S be  a mini mal  double 
geodet ic set  of G  contain ing a ful l  degree 
vertex v 0 .  Let  S   = S  – {v0}.  We cl ai m 
that  S   i s  a d ou ble  geodet ic set  of  G. Let  
u ,  v   V.  
 
 
Case 1 .  u,  v   S .  If v0  ≠  u,  v,  then  u,  v   
S '  and so S   i s a doubl e,  geodet ic set  of  
G. So assu me that  u =v0 .  If  v  i s  n ot  a  ful l  
degree vertex,  th en  there exist s   
v   ≠  v  such t hat  v and v'  are n on -adjacent  
and  so u,  v   I[v,  v  ]  wi th v,  v S  .  Now,  
i f v  i s  a ful l  d egree vertex,  then sin ce  the 
subgraph induce by S i s  not  compl et e,  
there exist  non-adjacent  vert ices v  ,  v  in  
S  such that  u,  v   I[v' ,  v"].  Thus  S'  i s  a  

v1 v2 

v3 v4 

v5 
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dou ble  geodet ic set  of G ,  which  is a 
contradict i on  t o S  a mini mal  d ou bl e 
geodet ic set .   

 

Case 2.  u   S  or v   S .  Since S  i s  a  
dou ble  geodet ic set ,  there exist  x,yS  
such  th at  u,  v I[x,y] .  S ince v0  i s a  ful l  
degree vertex,  i t  fol l ows that  x ≠ v 0  and y 
≠ v 0 .  Thus x,  y   S   and  so S   i s  a d ou bl e 
geodet ic  set  of G,  which  is again  a  
contradict i on  t o S  a mini mal  d ou bl e 
geodet ic set  of G .  Thus the proof is  
compl ete.     
     

Theorem 2 .10.  Let  G be a  non-compl ete  
graph of  order n  wi th a  ful l  degree 
vertex v.  Then dg+(G)  = n  – 1  if  and only 
i f  dg(G)  = n –  1 .  

Proof .  Let  dg(G)  =  n  1. Then by 
Theorem 2 .8 ,  dg +(G)  = n  – 1 .  Let  dg +(G)  
= n  –  1.  Let  S be a mini mal  d ou bl e 
geodet ic  set  of card inal i t y n –  1 .  By 
Theorem 2 .9 ,  vS.  Suppose that  dg(G)  ≤  
n  –  2 .  Let  S   be a mini mu m d ou bl e 
geodet ic  set  of G.  Then i t  fol l ows from 
Theorem 2 .9 that  vS   and  S     S,  which  
is  a contradi ct ion  to S a mini mal  d ou bl e 
geodet ic set  of G. Hen ce  dg(G)  = n   1 .
     
      

Theorem 2.11.  Let  G be a conn ected  
graph wi th  a cutvert ex  v.  Th en  every 
minimal  double geodet ic set  of  G 
contains at  least  one vert ex from each 
component  of  G  v.  

Proof .  This fol l ows from Theorem 1. 2.  
     
   

Theorem 2.12.  No cutvert ex o f  a  
connected  graph  G b elongs to an y 
minimal  double geodet ic set  o f  G.  

Proof .  Let  S be an y dg-set  of G .  Suppose 
that  S cont ains a cu t vertex z of G. Let  G1 ,  
G2 ,… ,  G r (r ≥ 2) be the components  of G -  
z .  Let  S 1 = S -  {z} .  We clai m that  S 1  i s  a  
dou ble geodet ic set  of G. Let  x,  y V(G) .  
Since S  i s  a  d ou ble geodet ic set ,  t her e 
exist  u,  v   S  such  that  x,  y   I  [u, v] .  If z  
  {u,  v} ,  then u ,  v   S 1  and so S 1  i s  a  
dou ble  geodet ic  set  of  G ,  which  is  
contradict i on  to the mini mal i t y of S.   

 

 

Now,  assume that  z   {u,v},  say z  = u.  
Assume wit hout  l oss  of gen eral i t y that  v 
belongs to S 1  .  By Th eorem 2 .11 ,  we can  
choose a vertex w in  G k(k ≠  1) such that  
w   S .  Now, since z i s  a cut  vertex of G ,  
i t  fol l ows that  I[z,  v]   I[w,  v] .  Hence x,  
y   I[w, v]  with w, v   I[w, v] where w,  v 
  S 1.  Thus S1  i s  a d ou ble geodet ic set  of  
G ,  which  is  contradi ct ion t o the 
mini mal i t y of S.  Thus n o cut  vertex 
belongs t o an y mini mal  d ou ble  geod et ic 
set  of G .      
     

Theorem 2 .13 .  For an y tree T wi th k 
end-vert i ces dg(T)  = dg +(T )=k.  

Proof .  Thi s fol l ows from Theorems 1 .4 
and  2. 12 .      
      

Theorem 2 .14 .  For the compl ete 
b ipart i te graph G = K m, n ,  

( i )  dg+(G)  = 2  i f  m = n=1 .     
( i i )  dg+(G)  = n  i f m  = 1 ,  n  ≥ 2 .  
( i i i ) dg +(G)  =  max{m ,n}  i f  m,  n ≥  2.  

 

Proof .  ( i )  and ( i i )  fol l ow from Th eorem 
2 .13 .  ( i i i )  Let  X  and  Y  be the part i te sets  
of K m , n .  Let  S  be a d ou ble  geod et ic set  of  
Km ,n .  We clai m that  X   S  or  Y   S .  
Otherwise,  ther e exist  ve rt ices x,  y  such  
that  x   X,  y   Y  and  x,  y   S.  Now,  
since the pair  of ve rt ices x,  y  l ie onl y on  
the in tervals I[x,  y] ,  I[x,  t ]  and I[s,  y]  for  
some t    X and s   Y,  i t  fol l ows that  x   
S  or  y    S ,  which  is  a contr adict i on  to x,  
yS.  Thu s X   S  or  Y   S .  It  i s  cl ear  that  
both  X  and Y  ar e doubl e geodet ic  sets  of  
Km ,n  and  so the resu l t  fol l ows.   
      

Theorem 2.15.  For an y posi t ive in tegers  
2  ≤ a  ≤ b ,  there exist s a  connect ed graph 
G such  that  dg (G)  = a  and dg+(G)  = b .  

Proof .  If  a = b ,  l et  G = K 1 ,a .  By Th eorem 
2 .13 ,  dg (G)  = dg +(G )  = a .  If  a  < b ,  let  G 
= K a , b . It  fol l ows from Theorems 1.5  and  
2 .14  that  dg(G)  = a and dg +(G)  = b .  
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